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Introduction

«jQué altos
los balcones de mi casal!»
Rafael Alberti

This is an electronic version of the thesis which was updated beyond the submitted deadline. The newest
version is available in\my web page. Last updated: August 14, 2023.

Every modern account of representation theory feeds on the world of combinatorics. This is especially
notable in type A representation theory, where the combinatorial models are further developed and
better established. In particular, many aspects of character theory have been reduced to purely combi-
natorial problems.

Characters of representations in type A (that is, complex representations of S,,, GL(n), or sl(n)) may
be understood as symmetric polynomials. In particular, characters of irreducible representations of sI(n)
are identified with a family of symmetric polynomials known as Schur polynomials. On the other hand,
these agree with the generating functions of certain classes of combinatorial objects called semistandard
Young tableaux. This enables one to study some properties of the original representation (namely, those
properties encapsulated by the character) in a combinatorial way. Reciprocally, representation theory
often provides results on symmetric functions and tableaux that are only later tackled combinatorially.

For the other classical types (orthogonal and symplectic Lie algebras), the combinatorics are not as
well-studied. There are many reasons for this, e.g. there is more interest in the properties of S, than
in the properties of the other Weyl groups or the Brauer algebras of types B, C, and D. However, there
have been many efforts to change this situation. We compare and contrast three distinct approaches.

The first approach, initiated by King [Kin76], and continued by Stanley, Sundaram [Sun86, Sun90]],
and others, is to mimic as closely as possible the combinatorics of type A. For this matter, the analogue
of Schur polynomials in other types are defined as some generating functions of some kinds of tableaux.
This may be referred to as the combinatorialist approach.

Another approach is representation theoretic in nature. The symmetric polynomials are defined
via Weyl’s character formula, and studied via crystal theory. The development of crystal theory by
Kashiwara and Nakashima enabled them to identify their crystal bases in each type with some kind
of tableaux [KN94| HKO02| [Lit90| BS17] (in particular, recovering the definition of semistandard Young
tableaux for type A). This may be referred to as the Lie theorist approach.

A final strategy is to proceed purely algebraically: the algebraist approach. In this line, Koike and
Terada [KT87] provide formulas to compute the irreducible characters of types B, C, and D in terms of
usual symmetric polynomials [FH91]. In a later stage, these formulas may be explained combinatorially
[Oka89, SV16| [FK97].

It is our goal in this thesis to present these three approaches, as well as to establish connections
between them. We try to develop the theory for all types simultaneously, but focusing on types C and
B; the combinatorics of type D are less well-understood and a complete survey of the literature is beyond
the scope of this work.
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We therefore introduce our irreducible characters three times. We begin by giving their Lie theoretic
definition in Chapter [3] as characters of the irreducible representations of the classical Lie algebras.
In Chapter [4] we introduce some combinatorial models that let us define these characters as certain
generating functions, as part of the combinatorialist approach. Inspired by the classical proof of well-
definedness of this definition for type A, due to Bender and Knuth [BK72]], we give in Chapter [5a first
self-contained and elementary proof of well-definedness of this combinatorial definition for types B and
C.

For the algebraist approach, a third definition of the irreducible characters is given in Chapter[6)in the
form of two theorems. This allows one to write our type B and C irreducible characters as specializations
of certain type A symmetric polynomials. Mimicking type A theory [Lin73}/GV85]], we show that these
agree with the combinatorial definitions via a lattice path argument, originally developed in [Oka89].
We show that the algebraic definition agrees with the Lie theoretic definition in Chapter[7] (In particular,
note that this shows indirectly that the combinatorial and the Lie theoretic definitions agree.)

In Chapter [8] we discuss different combinatorial models for type C. In particular, we define the
tableaux which arise from crystal theory (as part of the Lie theorist approach). We describe said crys-
tal structure in Chapter[9] Notably, we state novel descriptions of a type of tableaux due to De Concini
[DeC79], and we postpone the proofs to Appendix|[C] With this and invoking the theory of crystal bases,
we are able to show in Chapter[10]that the combinatorial and the Lie theoretic definitions agree. In total,
we give two proofs of this fact.

A SageMath library for the different type C combinatorial models is included in Appendix D}
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Preliminaries



Chapter 1

A preliminary account of symmetric
polynomials

In this chapter we give a self-contained introduction to the theory of symmetric polynomials via the
study of three families of polynomials. In particular, we work towards some results that will be useful
later in this work. We refer to [ALRS13|[Sag01}/Sam17,Sta99] for a more detailed and complete account
of these objects.

Definition 1.1. A symmetric polynomial in n variables is a multivariate polynomial with complex
coefficients that is invariant by any permutation of its variables. We call A, the set of symmetric poly-
nomials in n variables.

Sums and products of symmetric polynomials are again symmetric. Therefore, A, has an algebra
structure. Unless otherwise specified, we fix some variables x1, ..., x, and write A, = C[x1, ..., x,]°".

Theorem 1.2. The ring A, inherits a Z-graded algebra structure A, = P4, A% from the algebra
Clx1, ..., xn], where AZ = Ap NC[x1,...,xn]q is the degree d part of A,,. ]

We typically represent these as polynomials in x1, ..., X, and say that they are evaluated at the
alphabet X = x; + - - - + x,,. We may use the notations f, f(x, ..., x,), and f(X) interchangeably for
elements of A,. We write A,(X) whenever we want to explicitly indicate the alphabet in which the
polynomials are evaluated.

Notation. We write alphabets as sums (rather than tuples) to emphasize that the order of the variables
does not matter. Another feature of this notation is the following: given two alphabets X = x1 +--- + xp,
and Y = yq + -+ + ym, one may write f(X + Y) to refer to a symmetric function in Ap4n (X +Y) = Appan-

We let O be the empty alphabet. That is, for f € A,, we have f(X+0) := f(X) € A,. For f € Apy1, we
define f(X +1) as the polynomial f(x1, ..., xn, 1) € Ap. In general, however, it will not be useful to think of
symmetric polynomials as functions, but rather as formal sums or generating functions (this will become
useful later). In particular, one should not confuse f(X) with a symmetric polynomial in one variable
evaluated at a sum.

As a remark, this notation makes sense in a broader context. It is an instance of plethystic substitution
[Sta99l [ALRS13].

It is of central importance in the study of symmetric polynomials to describe, analyze, and relate
various bases of A,. These bases will turn out to be indexed by partitions, which are weakly decreasing
finite sequences of non-negative integers, e.g. A = (7,4,4,4,2,1,0,0). We say A; = 7, A3 = 4, ... are the
parts of A. By convention, tailing Os are ignored when expressing the partition, and Ay for N > 1 is
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taken to be 0. Also, repeated parts are indicated by an exponent. For instance, A = (7, 43,2, 1). Given a
positive integer d, we write A + d and say that A is a partition of d if ), A; = d. Reciprocally, we define
by || := > A; the size of A. The number of nonzero parts of 1 is denoted by /(1) and called the length of
A. We often represent partitions through their Young diagram, which we obtain by drawing an array
of left-justified boxes, with A; boxes in row i. The transpose A’ of a partition A is the partition whose
Young diagram is the transpose of the Young diagram of A.

Example 1.3. Let A = (7, 43,2, 1). We write

[T H
A= and A = = (6,5,42,1%).

We may now define three important families of symmetric polynomials.

Definition 1.4. Given a partition A = (A4, ..., 4;), the monomial symmetric polynomial m, indexed
by A is the sum over the S, -orbit of Xt = xflxgz .- ~xlA’ . (Here, the orbit is interpreted as a set, rather

than a multiset.)

Example 1.5. Let n = 3 (thatis, X = x1 + x2 + x3). Then,

— _ 2,2 2.2 2.2
mEE— Z Y =Xx1X5 +x1x3 +X2X3.

yES;;.xEH

Since any symmetric polynomial f = ¥, c,x* can be written as f = 3, cym”, we conclude that
{m},.q is a basis of A‘,il. It is our goal now to show that the next two families of symmetric polynomials
also form bases of A4,

Definition 1.6. Let d be a non-negative integer. The elementary symmetric polynomial e; € A%
indexed by d is the symmetric polynomial given by the sum of all square-free monomials of degree
d. The completely homogeneous symmetric polynomial 1y € A% indexed by d is the symmetric
polynomial given by the sum of all monomials of degree d.

Given a partition A, we let ey := [] ey, and hy := [] hy,.

Example 1.7. Let n = 3 (that is, X = x1 + x2 + x3).

=e2e1 = (qug +x1x3 + XQX3)(X1 + x99 + xg)

= x%xg + xlx% + x%xg + 3x1x9x3 + xgxg + x1x?2) + xgxg

€

= Mg+ 3mB,

2 2 2
hey = ha = x7 + x1X2 + x5 + X1X3 + X2X3 + X3

= My, + My

Theorem 1.8. The set {e;}rq of elementary symmetric polynomials indexed by partitions of d is a basis
of A,

For the purpose of this proof, we need to introduce a partial order on partitions of a fixed size d,
called the dominance order: A > pifand only if A; +---+A; > p3 + -+ + ; for all i.'An immediate
property of this order is that 1 < y if and only if 4" < 1. Indeed, by contradiction, if 3" 4} < X' ) for

alli = 1,...,io but 3} A7 > ¥ i/, then

Hig Hig

Ao
3y = i0) = B+ Ha > Mg F M b= D (=) 2 Y (A = o),



CHAPTER 1. A PRELIMINARY ACCOUNT OF SYMMETRIC POLYNOMIALS 7

which gives 3o y; > 3% A;, a contradiction. The reciprocal is shown similarly.
The reverse lexicographic order (<) defines a total order on the set of partitions of size d which is
compatible with the dominance order. Bases of A? will be thought as ordered bases in the following.

Proof. Fix A + d and express e, in terms of the monomial basis, e; = 3., a3 ,my. From the definition of
elementary symmetric polynomials and monomial symmetric polynomials, we note that a;, > 0 for
all A, p. If @y, # 0, then we claim A’ > p. Indeed, write ey = e;, - - - e3,. Then, the biggest possible value
of 11 among the partitions y such that x# appears in e, is precisely the number of factors, [(1) = A].
For such a y, the biggest possible value of y5 is the number of factors that are not e;, which is A}. This
reasoning gives A’ as the biggest partition y such that a , # 0. Furthermore, ay, = 1.

This means that the matrix that transforms {e; } 4 into {m } .4 can be written as a triangular matrix
with 1s in the diagonal. In particular it is invertible. Therefore {e) } .4 is a basis of Aﬁ. [ ]

Corollary 1.9. The set {e;}i~o is a set of algebraically independent generators of A,,. [ ]

Note 1.10. The coefficients in this change of basis matrix have a combinatorial interpretation in terms of
some 0-1-matrices. The interested reader may find this in [Sta99].

There is another way of thinking about these latter two families of symmetric polynomials; as gen-
erating functions. Although seemingly arbitrary, it will be apparent later how this interpretation is
relevant to algebraic combinatorialists. We let [n] denote {1, ..., n}.

Proposition 1.11. Fix an integer n (and, in turn, an alphabet X).

1. The elementary symmetric polynomial eq agrees with the generating function of strictly increasing
sequences in [n].

2. The completely homogeneous symmetric polynomial hy agrees with the generating function of weakly
increasing sequences in [n]¢.

Proof. Given a square-free monomial x;, - - - x;, consider the tuple (iy, ..., ig) of its indexes, which we
may assume to be strictly increasing without loss of generality. This gives a bijection from the set of
summands of eg to the set of strictly increasing sequences in [n]€.

Given a monomial x;, - - - x;, consider the tuple (iy, ..., ig) of its indexes, which we may assume to be
weakly increasing without loss of generality. This gives a bijection from the set of summands of hy to
the set of weakly increasing sequences in [n]?. [ ]

Theorem 1.12. We have the following identities:

E(t) = Z eqt? = n (1+x;t) and H(t) = Z hat? = 1—[ 1 _lx.t‘
ie[n] !

d>0 i€[n] d>0

Proof. We show the second identity, the other one is shown similarly. Expand (1 —x;t)~! as a geometric
series, 1 + x;t + x7t> + - - - . Now, a monomial in the right hand side of the identity has t-degree d if and
only if it has x-degree d. We obtain such a monomial by choosing an element from each factor in the
product. All x-monomials of degree d can be obtained this way and each one appears only once. [ ]

By looking at the term of t-degree d of the equation H(¢)E(—t) = 1, we get the following identity.
Corollary 1.13. For eachd > 1, we have Z?:O(—l)ieihd_i =0. [ |

The relationship between {e; }, and {h,}, seen in these previous results culminates in the form of
an involution.
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Definition-theorem 1.14. Let v : A, — A, be an algebra homomorphism defined on {e;};~¢ by
w(e;) = h;. It is an involution, referred to as the w involution.

Proof. We check that the w involution is an involution. Consider Corollary [1.13] Taking w yields

d d
0= (-D'hio(hai) = (-D)? Y (-1 o (h)hai
i=0 i=0

for each d. But then, the generating function of {w(h;) };>¢ is E(¢), showing that w(h;) = e; foralli. m

Since the w involution is an homomorphism and an involution, it is in particular an automorphism.
This, combined with Theorem 1.8 gives the following result.

Corollary 1.15. The set {h)}rq of completely homogeneous symmetric polynomials indexed by partitions
of d is a basis of A%. The set {h;};~o is a set of algebraically independent generators of Ap,. [ ]

Note 1.16. The w involution gives, up to sign, an antipode for a Hopf algebra structure on A, in which the
comultiplication can be chosen to be either the plethysm or the Kronecker product of symmetric functions.
See [ALRS13] for a detailed description of the structure.



Chapter 2

Representation theory of the
classical Lie algebras

We assume familiarity with Lie theory [Hum?72| Bou02| [Str22]. Nevertheless, when trying to study
the classical Lie algebras, there are some (somewhat arbitrary) choices to be made. We dedicate this
chapter to fix the notations, presentations, and realizations of these objects explicitly. In particular, our
conventions will often differ from [Hum72] and [Bou02]].

2.1 The classical Lie algebras

Our work will provide tools to study the so-called classical Lie algebras. There is no unique definition to
what constitutes a classical Lie algebra, so clarification is needed. In this work, the classical Lie algebras
are

(A) the special linear (Lie) algebra sl(n) and the general linear (Lie) algebra gl(n) of degree n,
forn € Z-,

(B) the (odd) special orthogonal (Lie) algebra so(2n + 1) of degree 2n + 1, for n € Z.,
(C) the (even) symplectic (Lie) algebra sp(2n) of degree 2n + 1, for n € Z.(, and
(D) the (even) special orthogonal (Lie) algebra so(2n) of degree 2n, for n € Z.

We may refer to them as the Lie algebras of type A, B, C, and D, respectively. In the following, we
will define each of these Lie algebras and fix matrix realizations for each of them.

Definition 2.1. Let V be a vector space over C.

« We define gl(V) as the Lie algebra of endomorphisms of V with the commutator bracket [A, B] :=
AB — BA, and sI(V) as the Lie subalgebra of gI(V) given by the trace 0 endomorphisms.

« Let (-, -) be a symmetric non-degenerate bilinear form on V. We define so(V) as the Lie subalgebra
of gl(V) given by {A € gl(V) : (Ax,y) + (x,Ay) =0 forall x,y € V}.

« Let (-, -) be a skew-symmetric non-degenerate bilinear form on V. We define sp(V) as the Lie
subalgebra of gl(V) given by {A € gl(V) : (Ax,y) + (x,Ay) =0forallx,y € V}.

We write gI(N), sI(N), s0(N) and sp(N) if V = CN.

9
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Note 2.2. It is an easy exercise to check that these sets define Lie subalgebras. To show that the sec-
ond and third items do not depend on the choice of form, we note that any two given symmetric (resp.
skew-symmetric) invertible matrices are conjugate. This conjugation gives the isomorphism between two
different realizations of the Lie algebras.

In what comes, we will fix bilinear forms and thus realizations for so(N) and sp(N). Let Jy
antidiag{1, ..., 1}.

Definition 2.3. Let A = {a;;};; € gl(N). We define the anti-transpose of A as the matrix AD .
{an+1-jN+1-i}ij-

Example 2.4. For instance,
( 123\® (963
45 6) = (8 5 2) .
789 741
Lemma 2.5. If we let (-,-) be the symmetric non-degenerate bilinear form given by Jn, then
so(N) = {A € gI(N) : AD = —A}.
(In particular, note that when N is odd, the antidiagonal entries vanish.)

Proof. Let A € so(N). We have (Ax,y) = —(x,Ay) for all x,y € CN. That is, 2ij ON+1-j,iXiYj =
— 2lij An+1-i,j%iY;j. So we deduce a;; = —an+1-j,N+1-; for all i and j. ]

Lemma 2.6. If we let (-,-) be the skew-symmetric non-degenerate bilinear form given by (_]n % ), then

sp(2n) = {A=(98) egl(2n) : d=-a®b=bYc=cP},
where a, b, c and d are understood as elements of gl(n).

Proof. Set N =2n+ 1, let A € sp(2n). We have (Ax, y) = —(x, Ay) for all x,y € C?". That is,

Z Z(—l)‘sjs"aN—j,ixiyj = Z Z(—l)éis”aN—i,jxiyj-

i<N j<N i<N j<N
So we deduce a;; = (—1)5"S"(—1)5J'S"aN_jsN_i for all i and j. [

The general and the special linear Lie algebras

A basis for gl(n) is given by the elementary matrices E;; for i, j = 1, ..., n. A basis of sI(n) is given by
{Eij : i# j}U{E;; —Eir1i01 - i=1,.,n—1}

They have dimensions n? and n? — 1, respectively.

Lemma 2.7. The Lie algebra gl(n) is a (trivial) central extension of sl(n) by CI.

We recall here the relevant definitions. We say that a Lie algebra b is a central extension of ¢ by a if
there is a short exact sequence of Lie algebra homomorphisms a — b — ¢ and [a,b] = 0. We say itis a
trivial extension if the short exact sequence splits. For details, we refer to [Str22]] or to [Sch08| Ch. 4].

Proof. Consider the short exact sequence CI — gl(n) — sl(n) where the first map is inclusion and
the second map is x > x — “XI. These are both Lie algebra homomorphisms. We have a splitting
sl(n) — gl(n) given by the inclusion. [ |
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In particular, gl(n) is not semisimple. Below, we’ll see how representations of gl(n) can be studied
from the representations of sl(n). We now study the structure of sl(n).

Lemma 2.8. A Cartan subalgebra of s1(n) is given by the sett) = bei(n) of diagonal matrices of s1(n).

Proof. We have that [h,h] = 0, therefore }) is nilpotent. Its normalizer Ng(n) (D) is the set of matrices
x € sl(n) such that [x,h] C h. We have [x,h] = xh — hx € b for all h € §. In particular, for i # j, we
have (xh);j = x;;hi; = (hx);; = x;;h;j; for all h € Y. Necessarily, x;; = 0 for i # j, and thus x € §. So
Nei(n) () = D. n
We will hereafter refer to f) as the Cartan subalgebra of sI(n), by abuse of language. Let h* = b7, (n)
be its dual space. It has a basis given by {€;+1 — €;}i<n, Where €;(E;;) = J;;.
Since a Cartan subalgebra f; of a semisimple Lie algebra g is abelian, we can write

a=Poo

ach*

where g, := {x € g : [x,h] = a(h)x Vh € hg}. We say that g, is a root space if it is nonzero and « is
nonzero.

Let (s1(n)), be a root space, let x € (sI(n))q. Write a = 3};, ai(€i+1 — €;). Then, for all h € Bg(n),
we have hx — xh = (X ax (hkk — hg+1,k+1))x. In particular, (hi; — hjj)xi; = (2 ak (hge1k+1 — hik))xi; for
all h, i, j. This means that x;; = 0 for all except one (i, ) pair, i # j, and that & = ¢; — €;. This shows
that there at most n% — n roots.

Since sl(n)y = b and since dim(sl(n)) — dim(Bsi(n)) = n* — n, all the previous elements are indeed
roots. We have shown the following theorem.

Theorem 2.9. The Lie algebra sl(n) has n® — n roots, given by €; — €j for1 < i, j < n withi # j. [ ]
The abstract root system that these form is called A,_;.

Theorem 2.10. The root system A,_1 has rank n — 1. In sl(n), a basis of the root system is given by
{€i+1 — €iti<n-

Proof. Root systems of a Lie algebra span the dual of the Cartan subalgebra. In this case, dim(bsi(n)) =
n — 1, which shows the first statement. To show that the given set is a basis, we need to check (a) it is a
basis of b (n)’ and (b) every root can be written as a nonnegative or a nonpositive linear combination
of the basis. Since (a) is clear, we show (b). Consider & = ¢; — ¢; with i > j. Then, @ = (; — ;1) +
(€i-1 — €i—2) + - - - + (€41 — €j), as desired. Proceed similarly if i < j. ]

Hereafter, we let @; = €;41 — €;. The set of simple roots will be denoted by A(A,-1) or simply A,
when the root system is clear from context.

Our previous computations also give a system of Lie algebra generators compatible with the root
space decomposition. That is, we find sl(n) = n, @ h ® n_, with n, generated by {es}xea, h spanned by
{ha}aen, and n_ generated by {f}4en, and with the additional properties that e, spans (sp(2n)), and
[ea, ] = hq = aV. Explicitly, these are given by

_ _ _ it . _
ea; = Eiirv1,  ha; = Eii — Eis1iv1,  fo, =€, fori=1,.,n—-1
By abuse of notation, we may write e;, h;, f; instead of eq,, hq,, fo,-

Example 2.11. In s1(3), we have
o2 :(0(1] ) :(001) h:(1—1 )
€1 o)’ €2 o) 1 0/’

e () a=(fo,) £=('y,)
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The fundamental weights w;, i = 1, ..., n—1, are defined by {w;, a}/) = §;j. Writing ;i = X<y, aik(€xr1—
€r), we obtain

8ij = (o aj) = <Z ik (€cr1 — €k)s Ejerje1 — Ejj) = —aij-1 + 2a;j — aijn.
k<n

We conclude that w; = 37| €.

Theorem 2.12. There are bijections

highest weight f.d. dominant integral partitions
irreps. of sI(n) « weights of Bsy(n) of length <n-1{ >

L(/D <~ A= Z?:l /11'61' = (/1”_1, ...,/11).

Proof. We know that s[(n) is a complex semisimple Lie algebra. This gives the first bijection [Str22].
To see the second bijection, consider A = Z?z_ll Ai€iy1 = Z;’z_ll Aiw; (which we can assume, since €; =
_ n

i=2 €;). By definition, N > (4, 0~(lv Y = Ai. ~By the above formulas for w;, we then get 2?2—11 Ai€iy1 =
Z;le Ai X% _isq €. Therefore, A; = A; + - - + A;, and in particular, 4,1 > --- > A;. [}

The Cartan matrix of sl(n) is given by {{(a;, a}’)}ij = {=08ij-1 +2d;j — 6; j+1}ij. Its Dynkin diagram
is the following.

ay ag QAp-2 QAp-1

We conclude by explicitly describing how one may study the representation theory of gl(n) from
that of sl(n). Classical proofs of this next theorem typically require some development of Lie group
theory. We choose to omit this, and refer to [FH91]] for details.

Theorem 2.13. Every highest weight finite dimensional irreducible representation of gl(n) is of the form
L (N os A1) = LT (A = A, Ao — A1) ® Ay, -
with Ay > -+ > A1 (not necessarily nonnegative). [

We say by convention that gl(n) has the same root system as s1(n). But the Cartan subalgebra b,
of gl(n) is one dimension larger than that of sI(n); it is spanned by {€;}1<;<n, and the fundamental
weights are w; = 3., e fori=0,...,n— 1.

The even symplectic Lie algebras

A basis of sp(2n) is given by the matrices E;; + (—1)5(iS”)E§? for i < 2n — j and the matrices E; 2p41-i
for i = 1,...,2n. Therefore, sp(2n) has dimension %2n(2n -1 +2n=2n+n.

Lemma 2.14. A Cartan subalgebra Ysp(2n) of p(2n) is given by the span of {E;; — Eil®}i5n.
Proof. Analogous to the proof of Lemma [2.8|for type A. ]

The dual space b:p@n) has a basis given by ¢; : E;; — EJC? > J;j, for i, j = 1, ..., n. Suppose (sp(2n))q
is a root space, and let x € (sp(2n)),. We have [k, x] = a(h)x for all h € Bep(2n), With a = 3 a;€;. That
is, hx — xh = (2 axhgr) x. In particular, (h;; — hjj)xij = (X axhir) xij for all h, i, j. This means that
Xi,j = 0 = Xop41-i2n+1—; for all except one (i, j) pair, and that a = +¢; + €;. Again, because these are 2n?
elements and since dim(sp(2n)) — dim(Bsp(2n)) = 2n2, we get that these are all roots. We have shown

the following theorem.
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Theorem 2.15. The root system of sp(2n) has 2n® roots. As a set, it is given by {+2€;}i<, U {*€; +
€jticj<n- u

The abstract root system formed by these is called C,,.
Theorem 2.16. The root system C,, has rank n. In sp(2n), a basis is {2¢1 } U {€41 — € }i<n-

Proof. The first statement follows from dim(bsp(2s)) = n. For the second one, we mostly proceed as in
Theorem for type A. To express +2¢; in terms of the basis, one may write +2¢; = ¥2¢; F 2(eg —
€1) F - F 2(ei1 — &) n

Hereafter, we will denote the simple roots by ag := 2¢; and «; := €;,1 —€; fori = 1,...,n — 1. The set
of simple roots will be denoted by A(C,,) or simply A, when the root system is clear from context.

Again, our previous computations also give a system of Lie algebra generators compatible with the
root space decomposition. Explicitly, these are given by

- - ®_p® — et i =
€q; = Ei+1,i -E hai = Ei+1,i+l —E; + Eii - Ei+1,i+1’ fai =€y, fori=1,..,n-1,

i+1,1°
- - ® — ot
eao = E12n,  hay = E11 — Ey],  fa, = €y -
By abuse of notation, we may write e;, h;, f; instead of eq,, hy;, fa;-

Example 2.17. In sp(4), we have

ol Yo Yo
e = , el = , ho= ;
a1 (00 ) ( —010) ( 0—1)

Co = Qo
1 0 01
=) s (o) ae(Pag)
-1 1 0

We can also compute the fundamental weights. We have

(wj, &) = 8ij = (@), Eis1,is1 — Eii + ES) -EY

i+1,i+1/>
which implies w; = >}, e fori=0,..,n - 1.
Theorem 2.18. There are bijections
{highest weightfd‘} {dominant integral} { partitions }

irreps. of sp(2n) weights of Dsp(2n) of length <n
LA o A=YSha = (Ay.uh).

Proof. We know that sp(2n) is a complex semisimple Lie algebra. This gives the first bijection [Str22].
To see the second bijection, we consider A = 31| A;e; = 2?2—01 Aiw;. By definition, N 3 (4, &) = A;. By
the above formulas for w;, we then get Y7, Aie; = Z;’:_()l Li Yii_ir1 €k and thus A; = o+ + A €N
In particular, A, > - -+ > Ao. ]

In the next section, we will study the Weyl group of C,,. To prepare this discussion, we need the
Cartan matrix of sp(2n). Since we have explicit descriptions of all simple roots and coroots, we can
simply compute. For i, j = 1,...,n — 1, we have

(ai, 05}/> = (€ir1 — €, Ejr1j01 — Ejj + EJC? - E]g?l,jJ,l) = —6ij+1 — Gis1,j-
When either i or j are equal to 0, similar computations give {ag, a]\./) = —261,;, o, ag) = —J;1, and of
course, (o, a3 ) = 2.
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Example 2.19. For instance, for n = 4, we have the following Cartan matrix:

In other words, the Dynkin diagram of W(C,) is the following.

.i.—.—. - ——e9
Qo ay ag Ap-2 QAp-1

The odd orthogonal Lie algebras

Let N = 2n + 1. A basis of s0(N) is given by the matrices {E;; — E®

ij 1 i< N-j}, and thus so(N) has
dimension %N(N -1 =2n%+n.

Lemma 2.20. A Cartan subalgebra Yy (ny is given by span{E;; — El.(?},-sn.
Proof. Analogous to the proof of Lemma [2.8|for type A. ]

In particular, note that h,41 441 = O for all matrices in bg,(n).

The dual space I):D(N) has a basis given by ¢; : E;; — E]C? > &;j, for i, j = 1,..., n. Suppose ($0(N))q
is a root space, and let x € (s0(N)),. We have [h,x] = a(h)x for all h € hgy(n), With a = 3 a;e;. That
is, hx — xh = (2 axhgx) x. In particular, (h;; — hjj)xij = (X axhir) xij for all h, i, j. This means that
xij = 0 = xN41-;,N+1—; for all except one (i, j) pair, and that @ = +¢; + €;. If j = n+ 1, we also get
a = xe;. Since dim(so(N)) — dim(bsp(n)) = 2n?, all of these are indeed roots. We have shown the
following theorem.

Theorem 2.21. The root system of s0(2n + 1) has 2n? roots and is given, as a set, by {+€;}i<, U {+€; +
€j}i<jgn- u

The abstract root system given by these is called B,,.
Theorem 2.22. The root system B, has rank n. In s0(2n + 1), a basis is {e1} U {€i+1 — € }i<n-
Proof. We proceed as in Theorem[2.16] |

Hereafter, we will denote the simple roots by ag := €; and @; := €41 —¢; fori =1,...,n — 1. The set
of simple roots will be denoted by A(B,) or simply A, when the root system is clear from context.

We can also compute the fundamental weights. We identify the ith coroot o, with Eji1 41 — Ej; +
ESD - Ei?l,Hl fori=1,...,n—1 and with 2E;; — QEE for i = 0. We have (o, a;’) = §;j, which implies
Wi =X} e fori=1,..,n~1, and (wo, a}/) = Jp; implies wy = % Yoy €k

Not every highest weight finite dimensional irreducible representations of so(2n + 1) is indexed by
a partition. We say (p1, ..., i) is a half-partition of length nif gy > --- > p, and p; € Zso + % for all i.

Theorem 2.23. There are bijections

highest weight f.d. dominant integral partitions half-partitions
irreps. of s0(2n + 1) weights of Dsp(2n+1) of length <n of lengthn |~

L(A) <~ A= Z/liei [ d (/1",...,/11).



CHAPTER 2. REPRESENTATION THEORY OF THE CLASSICAL LIE ALGEBRAS 15

Proof. We know that s0(2n+1) is a complex semisimple Lie algebra. This gives the first bijection [Str22].
To see the second bijection, we consider 1 = Y7, Lie; = Z?:_ol Aiw;. By definition, N 3 (4, &) = A;.
By the above formulas for w;, we then get X1; dig; = $Ag XL € + Yis1 Ai Dgsisi €k and thus A; =

%A0+A1+~--+/1,-,1 €N+%N. Moreover, A, > --- > ;.

The Cartan matrix of s0(2n + 1) is the transpose of the Cartan matrix of sp(2n). In other words, the
Dynkin diagram of W (B,,) is the following.

Qo ai as QAp-2 QAp-1

The even orthogonal Lie algebras

Let N = 2n. A basis of $0(N) is given by the matrices {E;; — E®

ij tisN — j}, and thus so(N) has
dimension %N(N -1)=2n%-n.

Lemma 2.24. A Cartan subalgebra Yey(ny is given by span{E;; — Ei(?},-sﬂ.
Proof. Analogous to the proof of Lemma [2.8|for type A. [ ]

The dual space I);‘D(N) has a basis given by ¢; : E;; — EJC? — &, for i, j = 1,..., n. Suppose (s0(N)),
is aroot space, and let x € (s0(N)),. We have [h, x] = a(h)x for all h € bgy(ny, with a = 3 a;¢;. That is,
hx—xh = (¥ akhii) x. In particular, (hi;—h;;)x;; = (X axhik) x;j for all h, i, j. This means that x; ; = 0 =
xN+1-i,N+1-; for all except one (i, j) pair, and that @ = +¢; + €;. Since dim(s0(N)) — dim(hso(n)) = 2n%,
all of these are indeed roots. We have shown the following theorem.

Theorem 2.25. The root system of s0(2n+1) has 2n®—2n roots and is given, as a set, by {+€;x€;}icj<n. W
The abstract root system given by these is called D,,.

Theorem 2.26. The root system Dy, has rank n. In s0(2n), a basis is {€z + €1} U {€141 — € }i<n-

Proof. We proceed as in Theorem[2.16] [ ]

Hereafter, we will denote the simple roots by ap := €2 + €1 and «; := €;41 —€; fori=1,..,n— 1. The
set of simple roots will be denoted by A(D,,) or simply A, when the root system is clear from context.

We can also compute the fundamental weights. Let &)’ be the ith coroot, which we can identify with
Ei+1,i+1 _Eii+Eil© _Ei?l,Hl fori = 1,..,n-1, and with Eoo+Eqq —E% +E2®2 fori=0. Then, (a)j, 0{lv> = 51‘]'
implies w; = Y} _;., € fori = 2,..,n — 1, whereas for i = 0,1 we get wo = %(en +---+e+€) and
w1 = %(6n+"'+62—61).

Again, not every highest weight finite dimensional irreducible representations of so(2n + 1) is in-
dexed by a partition. We need to introduce yet another object to index them: we say (y1, ..., up) is a
signed (half-)partition if (y1, ..., fin—1, |n|) is a (half-)partition. We let sgn(u) := sgn(u,) be the sign of

78

Theorem 2.27. There are bijections

highest weight f.d. dominant integral o signed partitions U signed half-partitions
irreps. of sp(2n) weights of Dso(2n) of length <n of length n ’

L) «—  A=XSha > (posli).



CHAPTER 2. REPRESENTATION THEORY OF THE CLASSICAL LIE ALGEBRAS 16

Proof. We know that s0(2n) is a complex semisimple Lie algebra. This gives the first bijection [Str22].
To see the second bijection, we consider A = 31, A;e; = Z?:_(Jl Aiw;. By definition, N 3 (4, &) = A;. By
the above formulas for w;, we then get

= -1 -1 -
Z/Lf,‘2/10—(6,1+"‘+€2+61)+/11—(6n+"‘+62—61)+Z/1i(6n+"'+€i+1).
i=1 2 2 i>2

Therefore, Al = %(io - /il) € %Z, /12 = %(io +/11) S %EN, and %i = %/io + %/11 +i2 +-- +/T,'_1 e N+ %N
Moreover, A, > -+ > Ay > |AM1| = 0. Whether Ay and A; are simultaneously odd determines if
(Any . A2, |A1]) is a partition or a half-partition. [ |

When computing the Cartan matrix of $0(2n), note that (@, ) = 0. The Dynkin diagram of

W(D,,) is the following.
0 :>o—0— . ———e
ay as as Ap-2 QAp-1

2.2 The classical Weyl groups

Weyl groups are Coxeter groups that can therefore be described by Coxeter graphs. Simple Lie algebras
are classified by a refinement of the Coxeter graph; the Dynkin diagram (which is a mixed graph, with
directed and undirected edges, whose underlying undirected graph is a Coxeter graph). The Dynkin
diagrams of interest to us were computed in the last section, and are displayed in Table

Type Dynkin diagram Lie algebra

Ap1(n>2) ——=o - o —o sl(n)
B,(n>2) e&—e—e@— - --—@ 5p(2n+1)
Ch(nz23) &——=e o —0 sp(2n)

D, (n>4) :>o— . —e s0(2n)

Table 2.1: Dynkin diagrams of types A, B, C, D.

The three Coxeter groups that we read off these diagrams are
W (An=1) = (5150 St | 87 Vi, (si8i1) Vi 2 1, (s57)2 V)i = j| > 2),
W (Bp) = (50, Sn-1 | 57 Vi, (sisien)® Vi 2 1, (s357)% Vi = j| 2 2, (s081)"),
W(Dp) = (S05 o Sne1 | 87 Vi, (si8i01)% Vi > 1, (s87)2 V{0, j} # {0,2}, |i — j| = 2, (s051)%, (5052)°).

We have W(C,) = W(B,,). We also note that W(A,_1) is just S,. Similarly, it is sometimes more
useful to think of the Weyl group W (B,) in a different way (rather than by its presentation).

Definition-theorem 2.28. Let G and H be finite groups, which we see as permutation groups. That
is, there are numbers n and k and actions G (¥[n] and H (¥[k]. We define the wreath product G H of
G and H as the group with underlying set G X H" and multiplication given by

(g; b1, hn) - (g3 hY, o hy) = (995 hg b, o hy nhy).
It acts on [n] X [k] via (g; hy, ..., hy).(i, j) = (g.i, h;.j).
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Proof. 1t is a group: the identity element is (e;e, ..., e), and the inverse of an element (g; k1, ..., hy,) is

given by (g7 ; h;—lyl’ . h;_llvn). Indeed,

(g; 1, o hn) - (g7 h;_ll.l, . h;_ll_n) = (g9q7 % hg—l_lhg__llvl, - hg—l.nh;_ll.n) = (e;e,....e)

and

(075 R gt ) - (G5 b hn) = (97 g5 g by g ha) = (€56, e).

Finally, the action is well-defined;

(g; b, hn) - (g3 B, s by (s §) = (g5 has o ha) (G20 By j) = (99”0, hy iR j)
= (99" hg 1hl, ... hg why) (i, J). ]

Example 2.29. We will mostly consider the wreath product of S, and Z2. We see Z2 as a permutation
group acting on [2], or on the set {+, —}. Therefore, the underlying set of S, 2 Z2 is S, X (Z2)", and the
action on [n] X {+ -} is given by (o; €1, ....€n).(£i) = x€; - o(i). We identify the group S, ! Za with
the group of automorphisms of the set of leaves of the tree in Figure A generating set of S, ¢ Za is
{1y u{Gi+1)@{"i+1) :i=1,..,n—1}

117 22  nn

Figure 2.30: A tree whose leaves have automorphism group S, ¢ Zs.

Lemma 2.31. There is an isomorphism of groups W(B,,) = S, 1 Zs.

Proof. The map ¥ : W(B,,) — S,1Zs defined by sg — (11’) ands; — (ii+1)(i" i+1’) is a well-defined
surjective group homomorphism.
Moreover, one can show the following claim.

Cram. |W(B,)/W(Bp-1)| < 2n.

Proof of claim. Consider the following 2n cosets:

[e]’ [sn—l]s [sn—2sn—1]> [sn—35n—23n—1]s oo [(31 T 3n—23n—1)]s

[so(s1--sp-1)],  [s1so(si---sa)], o [(Sne1---s1)s0(s1---spo1)].

Consider the product of a generator with one of these cosets. For the sake of clarity, we follow an exam-
ple, say s;[sn—2sp-1]. If i = n — 2, then this simplifies to the coset [s,—1]. If i = n — 3, then this becomes
the coset [s,—3Sp—25n—1]. Any other generator s;, i = 0, ..., n — 4 commutes with the representative of the
coset and gives [s,—25,-1]. Finally, i = n — 1 also gives [s,—25,-1] by the braid relations.
With this analysis, we get a diagram
Sn-1 Sn-2 Sn-3 Sn—4 S1
[e] & [sn-1] & [Sn-28n-1] < [Sn-3Sn—2Sn-1] & -+ = [(s1 - Sp_2Sn_1)]

Sn-1

& [so(s1 - sn1)] €5 [s150(s1 - - Sn1)] € -+ & [(50e1 -+ 51)50(51 - - $n1)]

in which the trivial action of generators were ignored. This shows that there are at most 2n cosets in
the quotient and that they are among the cosets above. O

By induction, 2"n! > |W(B,)| > |S, ¢ Z2| = 2"n!. This shows that ¥ is an isomorphism. [ ]
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We may represent a permutation o € S,, diagrammatically as a collection of n strands going from i
to o(i), respectively, for i = 1, ..., n. For instance, see the right diagram in Figure m

Another way of looking at the Weyl group of type B is through colored or decorated permutations.
A 2-colored permutation of [n] is a pair f = f; = (0,C) where o is a permutation ¢ € S, and Cis a
sequence of colors; a subset of {+, —}". We say f; lifts 0. Diagramatically, we represent these colored
permutations by attaching a dot to the negative strands. (Diagrams are composed as usual; two dots in
the same strand cancel each other.)

Example 2.32. The colored permutation f = (} 3?, f, i) lifts 0 = (323 1). See Figure

1>§<34 1 2 3 4
1 2 3 4 1 2 3 4

Figure 2.33: The colored permutation f (on the left) lifts the permutation ¢ (on the right).

Lemma 2.34. The set of 2-colored permutations forms a group.

Proof. We identify {+, —} with Z and {+, —}" with Z}. We can then multiply 2-color permutations via

(0,C) - (1,D) = (o1,CD). The identity is (e, (+,...,+)) and the inverse is given by (¢71, -C). [ |
Corollary 2.35. W(B,,) is isomorphic to the group of 2-colored permutations on n letters. [ ]
A signed permutation on n letters is a permutation o of {+, -} X [n] = {-n,...,—1} U {1, .., n} such

that o(—i) = —o(i).
Corollary 2.36. W(By,) is isomorphic to the group of signed permutations on n letters.

Proof. Signed permutations form a group as a subgroup of Sy,,. We construct an isomorphism from 2-
colored permutations to signed permutations by letting the color indicate whether o (i) isin {-n, ..., -1}
or {1,...,n} for each i > 1. See Figure[2.37] n

1 2 3 4 -4-3-2-1 1 2 3 4 11 22 33 44

1 2 3 4 -4-3-2-1 1 2 3 4 1122 33 4¢

Figure 2.37: The signed permutation on the center corresponds unequivocally to the colored permuta-
tion on the left and the element of S, ¢ Z3 on the right.



Part 11

Symmetric polynomials in types A,
B, and C
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Symmetric polynomials arise naturally in representation theory in a few different ways. Showing
that the definitions agree is nontrivial. This will be the content of this chapter. More precisely, we
will define symmetric polynomials in three ways: Lie theoretically (1), combinatorially (2), and as a
specialization of symmetric functions of type A (3). Purely algebraic proofs of the equivalence between
(1) and (3) are extracted from the literature [KT87| [FH91]. To show that (2) and (3) agree, we follow
[Okag9, ISV16| [FK97]], where lattice path arguments were developed. Finally, to show the equivalence
between (1) and (2), we appeal to crystal theory [KN94, [HK02].



Chapter 3

The Lie theoretic definition

Fix a complex semisimple Lie algebra g with Cartan subalgebra b, root system ®, and a basis A of the
root system. Consider the integral weight lattice X = {1 € §* : (A, a") € Z for all « € A}. We consider
the group ring C[X] of X over C. It is defined as the complex vector space with basis {x* : 1 € X}. It
becomes a ring letting x*x* = x**#. The Weyl group W acts on C[X] by letting o.x* = x for s € W
and A € bh*.

Given a finite dimensional representation V of g, we define the character of V as the dimension-
generating function of its weight spaces. Explicitly, ch V' = 3} ¢y (dim V3)x* € C[X]. Recall the follow-
ing theorem [Hum72, [FH91| [Str22]).

Theorem 3.1 (Wey!’s character formula). Let L(A) be an irreducible finite-dimensional representation
of a complex semisimple Lie algebra g. Fix a Cartan subalgebraty of g. Fix a root system ® with basis A.
Let W be the associated Weyl group. Let p be the half-sum of positive roots. Then,
Soew (D" g.xt*?

Loew (=D o.xr

as elements of the field of fractions of the group ring C[X]. [ ]

ch(L(D) =

With this, we can compute the irreducible characters for types A, B, C, and D [FH91]]. Let L(A) be
a finite dimensional highest weight irreducible representation of sl(n), so(2n + 1), sp(2n), or so(2n),
respectively. Let x; := x¢ for i = 1,..., n. The character of L(1) is

Aj+n—i
det(x’;! )ij
- J 7 Sh
det(x1 )5 € Clx1, o Xp ",

@A) 5 (x1, e xn) =

det (xﬂ_i+n—i+1/2 _xT(Ai+n—i+1/2)

s0(2n+1) _ )ij 1/2 1/2\W (B,
(B)' X3 (xl’ ...,xn) = detj(xn—i+l/2_xj—(n—i+1/2))_. € C(xl s Xp ) ( ),
J J ij

det(x;.lﬁnﬂﬂf T(}Li+n—z+1))

i —(n—it1
det(xjr_l 1+17xj('l i+ ))ij

Y e C(x1, ...y xn)W(c"), or

(©). ij@") (X1, o Xp) =

Aj+n—i | —(Aj+n-i) Aj+n—i _—(Aj+n—i)
det(le +xj ! )l‘j—det(le —X; ! )ij

det (x7ix; ")y

(D). Xio(%) (%1, s Xn) = € C(x1, .0, X)W (PR,

We refer to these characters as symmetric polynomials of types A, B, C, and D, respectively, and
they constitute the main object of study in this work. Note that they are not polynomials in the usual
sense of the word (except for symmetric polynomials of type A, although this is not clear from the above
formula).

21
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Proposition 3.2. The symmetric polynomial X;I(n) is a polynomial in n variables.

For the purposes of this proof, we introduce the concept of skew-symmetry: a polynomial p(x1, ..., x,)
is skew-symmetric if o.p(x1, ..., x,) = sgn(o)p(x1, ..., x,) for any permutation o € S,. Note that the nu-
merator and denominator of )(/511(") are skew-symmetric, since the action of S, can be thought of as
permuting the rows of the matrix prior to taking the determinant. Finally, we may refer to the matrix
(x;.l’i)i ;j in the denominator as the Vandermonde matrix.

Proof. The proof is broken up into two claims, following [Sam17].

Cramm 1. The determinant of (x;‘_i)i ;j is the Vandermonde polynomial,

A(x1, .oy xp) = ]—[ (xi = xj).

1<i<j<n

Cramm 2. The Vandermonde polynomial A(xy, ..., x,) divides every skew-symmetric polynomial in n
variables.

The statement now follows.

Proof of Claim[3 Let o = (i j) be a transposition, let f be a skew-symmetric polynomial. Theno.f = —f
by skew-symmetry. On the other hand, if x; = x;, then o.f and f agree. This means f vanishes when
x; = xj, or that (x; — x;) divides f. Since this is true for every transposition, we get that A divides f. O

Proof of Claim|1} The Vandermonde polynomial divides the determinant of the Vandermonde matrix by
Claim But since they are both polynomials of same degree (namely, (;)) and since they agree on at least

one coefficient (the coefficient of x?"'x272 - - - x,,_; for both is 1) they are the same polynomial. om



Chapter 4

The combinatorial definition

Symmetric polynomials of type A are related to very rich combinatorial objects called tableaux. In
this chapter, we define these objects and explore some analogues for types B and C. In these cases,
there are several combinatorial models which are “natural” to consider, depending on the properties
that one wants to study. We present here one of these models for type C, originally introduced in
[Kin76l], and then discuss its relation to some other models in Chapter |8 We only treat one model for
type B in this work, introduced in [Sun90]]. For other type B combinatorial models, see for instance
[Pro94, IShe99, BZ22]].

Let [A] be the set of cells of a partition A = (A1, ..., A;), defined as {(i, j) € Z2,, : j < A;}. For instance,
p >0

[F] = {(1,1), (1,2), (2, 1), (3, 1)}

We will sometimes identify A and [4].
Let X be a countable set. A tableau of shape A in the alphabet X is a function T : [A] — X from the
set of cells of A to X. (For [u] C [A], we let a skew-tableau of shape A/u be afunction T : [A]—[u] — X.)
If X is a totally ordered set, we say a (skew-)tableau is semistandard if T(i,j) < T(i + 1, j) and
T(i,j) <T(i,j+1) foralli, j. A semistandard (skew-)tableau is standard (on n letters) if the alphabet is
X={1<2<---<n}andT is bijective.

Definition 4.1. Let A be a partition. Let A :={1 < 1" <2<2' <---<n<n'}and A, :={1 < 1" <
2<2' <---<n<n’ <oo}betwo ordered sets.

(A) A semistandard Young tableaux (on n letters) of shape A is a semistandard tableau of shape A
in the alphabet X = {1 < 2 < --- < n}. We let SSYT, (1) be the set of such tableaux.

(B) A (Sundaram) orthogonal tableau T (on n letters) of shape 1 is a semistandard tableau of shape
A in the alphabet Ay, such that

- the co-restrictio of T to A defines a symplectic tableau (see below), and
— there is at most one co per row; that is, if T(i, j) = oo, then T(i, k) # oo for all k # j.

We let SOT,, (1) be the set of such tableaux.

(C) A (King) symplectic tableau T (on n letters) of shape A is a semistandard tableau of shape A
in the alphabet A such that T(i, j) > i for all (i, j) € [A]. We let KSpT, (1) be the set of such
tableaux.

IThe co-restriction of a map f : A — B to a subset C C B is defined to be the restriction of f to f~1(C).

23
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The weight of a tableau T : [A] — X is the monomial xT = [],cx xr-1(q) € C[x; : i € X]. For the
alphabets in the above definition, we take the conventions xy = x; L and x = 1. That is, the weights of
semistandard Young tableaux are polynomials in C[x1, ..., x,]|, whereas the weights of orthogonal and
symplectic tableaux live in

Clx1, X1/, +vey X, X, Xoo _ + .
[ 1, A1 nsAn ]/<X1X1' _ 1’ e XXy — ono _ 1> = C[xl, cey Xn].
Example 4.2. Here are a semistandard Young tableau, an orthogonal tableau, and a symplectic tableau of
shape (32, 2). Below, their weights.

111]3 12| 122
2134 330 31313
314 313 313

x%xzxgxi X1X2 x1x§1

Definition 4.3. The Schur polynomial s;, the orthogonal polynomial o;, and the symplectic
polynomial sp; on n letters and of shape A are defined as the power series Y, x’, where the sums
range over semistandard Young tableaux, orthogonal tableaux, and symplectic tableaux on n letters of
shape A, respectively. Explicitly,

T T T
sp(x1, ey xp) = Z x', op(x1, ., Xp) = Z x', and spr(x1,...Xp) = Z x'.
TeSSYT, (1) T€SOT, (1) TeKSpT,, (1)

Note 4.4. The above combinatorics for type B will only model the characters of spinless irreducible rep-
resentations (those indexed by partitions, rather than half-partitions). A richer combinatorial model arises
from crystal theory [KN94| [HKO02, BS17].

Note 4.5. The definition of orthogonal tableaux gives a bijective map SOT» (1) — U, KSpT,, (1) where
u ranges over the partitions which may be formed from [A] by removing some cells, at most one per row.
Explicitly, the map is given by co-restriction to the alphabet A. There is also an injective map KSpT, (1) —
SSYT2, (1) given by post-composition with the order-preserving map A — [2n]. Altogether, these give
an injective map SOT, (1) — U# SSYTap (1), with p as above.

Immediately from Proposition[1.11} we get the following result.

Proposition 4.6. IfA = (k) is a row partition (a partition of length 1), then sy = h) = hi; if A = (1¥) isa
column partition (the transpose of a row partition), then s) = ey = e. [ ]

Analogously, we have the following result.
Proposition 4.7. IfA = (k) is a row partition, then
1 spp(x1y e Xn) = g (1, oy X, xl_l, ey x;l), and
2. 0p(x1, .0 Xn) = he(x1, ..., Xy xl_l, —y x;l) + hy_1(x1, ..., Xn, xl_l, —y x;l). ]

It is not obvious from the definitions, however, that these (Laurent) polynomials are symmetric for
any A. The next classical proof gives well-definedness (for type A).

Proposition 4.8. Schur polynomials on n letters are W (A,_1)-symmetric.

Proof. We present a classical proof due to Bender and Knuth [BK72].

Fix a partition A. Recall that W(A,_1) = S,. Therefore, it is enough to check that the set {x” : T €
SSYT,(A)} of semistandard Young tableaux in n letters is invariant by any simple transposition (i i +1),
i =1,...,n— 1. Moreover, it is enough to show that the action of a given transposition s; can be lifted
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to an involutive action on SSYT,(1). The existence of such an involution shows, in particular, that the
subset {T : x! = x®} has the same cardinality as the subset {T : xT = s;.x%} for each given weight
x“%, as desired.

Fix an integer i € [n — 1]. Given a (semistandard Young) tableau T, we want to produce a new
tableau P with m;(T) = my,1 (P) and m;y1(T) = m;(P), and with m;(T) = m;(P) for every j # i, i+ 1.
Consider the (skew-)subtableau T~*({i, i + 1}). See Figure for an example.

3[3]3]3[4]a]4]
3[3]4]4a]4]4
[3]3]3]4

Figure 4.9: Let i = 3. This is T~!({3,4}) of a tableau T. Highlighted, mutable entries.

We say an entry is frozen if it belongs to an {i, i+ 1}-vertical domino. Call every other entry mutable.
In Figure [4.9| mutable entries were highlighted. In a given row, mutable entries form a word i%(i + 1)®.
We construct T’ from T by changing each of these words for i® (i + 1)°. See Figure

1]2[2]3]3][3]3]4]4]4] 1[1[1]1]2]2]3]3][3][3]3]3]4]
2223344 lala = [2]2]2]3]34a]4a]a]a
34 4444

Figure 4.10: In each row, we change the mutable word 394% for 304
This is clearly well-defined and an involution. In particular, it defines a bijection between the set of
semistandard Young tableaux with weight x* and weight (i i + 1).x* for each «, as desired. [ ]

The map defined in the above proof is referred to as the ith (type A) Bender—-Knuth involution. We
denote it by BKiA.

Note 4.11. Type A Bender-Knuth involutions do not verify braid relations. That is, they do not induce an
action of S, on the set SSYT, (1) of semistandard Young tableaux of shape A on n letters. For instance,

= BKS BK{BKS 1 3]

1123 2 1(1(3
15317({‘131<§\BK{*23 | s ‘;&22 |

One may define an S, action on SSYT}, (A) using crystal operators. Indeed, a crystal basis for the irreducible
representation L(A) of sI(n) may be identified with SSYT,(4) (see Theorem [9.1] or [KN94, [HK02]). Then,
suitable compositions of crystal operators induce an action of the Weyl group on the crystal basis.

The action of each generator s; is usually referred to as a crystal reflection or a Lascoux—Schiitzenberger
involution. A combinatorial description of these reflections provides an alternative proof of well-definedness.

Before showing well-definedness for types B and C, we analyze these involutions from another
perspective.



Chapter 5

Pattern combinatorics

A very intimately related notion to tableaux is that of Gelfand-Tsetlin patterns (or GT patterns) [GT50]
Sta99]].

Definition 5.1. A Gelfand-Tsetlin pattern x is a triangular tuple of non-negative integers, x =
(x™, ., xW) with x® = (x14,....xxx) for k € [n], subject to the local inequalities of Figure
whenever these make sense. (If represented as a triangular array as in Figure the local inequali-
ties express that the pattern must be weakly decreasing along SW-NE diagonals and NW-SE diagonals.)
We say x(™, ..., x(1) are the rows of x. Note that each row is a partition. We call x(") the top row of the
pattern.

Let GT,,(A) be the set of Gelfand-Tsetlin patterns with n rows and top row A.

X14  X24 X34 Xa4 Xi j+1 Xig1,j+1
X13  X23 X33 Q X T
i,j
x X
12 22 2 Q
X11 Xi-1,j-1 Xi,j-1

Figure 5.2: Left: the arrangement of a GT pattern of size 4. Right: the local inequalities.

Note 5.3. Given a Gelfand-Tsetlin pattern x, it will sometimes be useful to let x;; := co for all i < 1 and
j 2 0, and to let x;; := 0 for all i > j > 0. In this manner, for instance, the local inequalities are always
well-defined in rows 1, ...,n — 1. (Here, the symbol oo is taken to be either a number N > 1 or the formal
neutral element with respect to min.)

0 X13 X23 X33 0
o x12 x2 0
00 00 X11 0 0

00 ) 0 0

Proposition 5.4. There is a bijection between the sets SSYT, (1) and GT,(2), by letting x*) be defined
as the shape of the co-restriction of T to [k]; i.e, x®) is the shape of T~ [k].

26
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Example 5.5. Let A = (3,2) and let n = 3. The following semistandard Young tableau corresponds to the
following Gelfand-Tsetlin pattern:

1]1]3]

—> 2 1

Proof. Under the proposed map, x; j; counts the number of entries less or equal to j in the ith row of the
tableau. Row i of the tableau is weakly increasing if and only if x;; < xj0 < -+ < xjp.

The tableau is then semistandard if and only if T='(k) is a horizontal strip for each k, i.e., contains
no vertical dominoes. But to contain a domino in the jth column between rows i and i + 1 is exactly the
condition x; j > X1 ;. ]

Under the above bijection, the Bender-Knuth involution BKJA translates to the following map of GT
patterns [BK95]: it only affects the entries in the jth row x| and it sends

xij  to min{x; 4, X-1,j-1} + max{xi1je1, Xij-1} — Xi ),

where the minimum and maximum simply ignore non-existing entries. (Alternatively, we could follow
the convention from Note [5.3]) Indeed, that only the jth row is affected is clear. (This means that only
T71(j) and T71(j + 1) change.) Now we ask, in the ith row of the tableau, where does the mutable
{j,j + 1}-word end? Either at the x; j.1th entry, if there are no {j, j + 1}-vertical dominoes between
rows i and i + 1, or at the x;_; j_; th entry, otherwise. Altogether, at entry number min{x; j+1, x;-1,j-1}.
Similarly, the word starts at entry number max{x;;+1 j+1, X j-1}. The formula is now clear.

Example 5.6. Let i = 3. We bring back our running example from Figures[4.9and [4.10] Let us focus on
the second row of the tableau. The mutable {3, 4}-word in this row is highlighted in the diagram below.

212133
212(3(3(4(4(44

w

s[4]4]4]

To compute its end, see the next diagram: the word ends at the minimum between 6 (the number of colored
boxes in row 1) and 9 (the number of colored boxes in row 2).

1/2(2(3|3
212233444
313134

s[4]4]4]

| W

Similarly, to compute its start, see the final diagram: it starts at the maximum of 3 (the number of colored
boxes in row 2) and 4 (the number of colored boxes in row 3).

21213|3
212(2|3(3(4|4(4|4
3(13|4

w

slafa]4]

More generally, given a poset P, consider the set Z* = {f : P — Z} of Z-labellings of P. We define
amap T, : Z' — ZP by letting T, f be defined as f in P — {0} and sending

v to min{f(u) : u<ov}+max{f(u): v<u} - f(v),

where u <o refers to v covering u. The map T, is called the v-toggle. It is easy to see that the composition
of toggles on mutually non-covering vertices commutes. We recover the above definition by considering
the poset induced by the local inequalities given in Figure Now, the jth Bender-Knuth involution
is the composition of the v-toggles on the elements of row j of the pattern, in any order.
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Definition 5.7. A (King) symplectic pattern is a Gelfand-Tsetlin pattern in which x;; = 0 whenever
2i > j (see [Kin76]). (Symplectic patterns are thus “half-triangular” arrays.) We let KSpP, (1) be the set
of (King) symplectic patterns with 2n rows and top row A.

A (Sundaram) orthogonal pattern is a symplectic pattern in which top row entries might be
circled. Let x be a Sundaram orthogonal pattern on N rows. For each entry x;n in the top row, let
Ai := x;n + 1 if the entry is circled and A; := x;§ otherwise. We call A = (A4, ..., AN) the shape of the
pattern. We let SOP,, (1) be the set of Sundaram’s orthogonal patterns with 2n rows and shape A.

Note 5.8. The maps from Notetogether with the bijection from Proposition give bijections KSpT, (1) <>
KSpP,, (1) and SOT;, (1) <> SOP,(A). For instance, letting A = (3, 2), we get the following correspondences.

3 2 @) 2
11'2\ 3 1 11'00\ 2 1
“—> “—>
2|2 2 2|2 2

1 1

Proposition 5.9. Symplectic polynomials in n letters are W (C,)-symmetric.

Note 5.10. The following is the first combinatorial proof as far as we are aware. We define a type C
analogue for Bender—Knuth involutions. This was done already in [Sun86], but the proof is incomplete. It
is also cited erroneously in [Catalog]]. See the discussion in|MO:362997.

Proof. Recall from Section [2.2] that the group W(C,) is generated by the transpositions (i i’) and the
permutations (i i+1)(i’ i+1’).

The symplectic tableaux in KSpT, (1) are invariant under (i i’) by type A Bender-Knuth involutions.
To make this precise, we consider the injective map from Note [4.5|composed with the (2i — 1)st type A
Bender—Knuth involution. Since both i and i’ can each appear on exactly the same rows (the first i rows,
more precisely), the resulting tableau is symplectic. (In this proof, we will denote type A Bender—-Knuth
involutions by the transposition they induceon A ={1 <1’ <--- <n<n'})

To show that they are invariant under (i i+1)(i’ i+1’), we write this permutation as a product of
simple transpositions; (i’ #1) (#1 #1”) (i i’) (i’ #1). For each of these, we perform a type A Bender-Knuth

involution.
. -
:(l i+1) T Il(z i’) T

(i+1 i+1’)
1 2t

-
LD (5.11)

0 3

More precisely, using Note again, the maps above are BK%, BK?FP BK% .1 and BK;}, respectively.
However, Ty needs not be symplectic: we might find an instance of i’ in row i + 1. (Finding an instance

of i in row i + 1 would contradict T; being semistandard.)

Cram. If T,(i + 1, j) = i’ for some j, then Ty (i, j) = i.

Proof of claim. Since Ty(i + 1, j) is an element of {i,i’,i+ 1,i + 1'}, then also Ty (i + 1, j) is. Indeed, the
composite in Equation only affects these entries.

Since Ty is symplectic, To(r, ¢) > r for all (r,¢) € [A]. In particular, Ty (i, j) > i.

Altogether, using that T is semistandard, we get that Ty (i, j) is in {i,i’, i+ 1, i+ 1}, and thus T4 (i, j)
too.

Since T is semistandard (because Bender—-Knuth involutions are well-defined on semistandard Young
tableaux), we have T, (i, j) < Ty(i + 1, j) = i’. We conclude Ty (i, j) = i. O

We have shown that, if T, is not symplectic, then there are some {i, i’ }-vertical dominoes between
rows i and i + 1. So we compose with a final map Ty — T5, which changes every such domino for a
{i+1,i+1’}-vertical domino and then resorts both rows as to make them weakly increasing again. We
refer to this map as “rectification”.


https://mathoverflow.net/questions/362997
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This procedure always gives a symplectic tableau T5 of weight (i i+ 1)(i’ i +1’).x™, as desired. We
denote the composite map as BKiC, and call it a type C Bender-Knuth involution. Explicitly (using Note

again),

BKF := rectification o BK4; o BK%:,, o BK4:_, o BK%\.

1

To show that this is an involution, we switch to the symplectic pattern model. The type A Bender—
Knuth involution BK]A for Gelfand-Tsetlin patterns is described above. The last step of our proposed
map, rectification, translates to the map of Gelfand-Tsetlin patterns

* * 0 0 * * 0 0
* %4C 0 * * 0
*+C c * 0
k+4C ES

as to make the pattern symplectic. Explicitly, by our analysis above, the pattern x corresponding to Ty
(see Eq. (5.11)) may not be symplectic. By the claim, this would imply that x;41,2; is non-zero. In this
case, changing every {i, i’}-vertical domino between rows i and i + 1 of Ty corresponds to substracting
Xi+1,2; from the entries xj41 2;, Xi+22i+1, Xi2; and x; 2;—1, in particular rendering the pattern symplectic.

These formulas allow one to write, in principle, the entries of (BKiC)Q(x) as tropical rational func-
tions in the entries of x (that is, expressions involving max, min, + and —). These formulas, however,
quickly become untracktable. We will see how to bypass this in what follows.

We note, given that the rectification map is fairly localized, that most of the entries of (BKI.C)2 (x) may
immediately be seen to agree with those of x, since type A Bender-Knuth involutions are involutions
and since BK?I._1 commutes with BK?I. 1~ But some entries of (BKiC)2 (x) are affected by the rectification
map. A close inspection of our composite reveals that only the last two non-zero entries in rows 2i + 1,
2i and 2i — 1 of the pattern are affected. So it is enough to show that BKY is an involution on a generic
pattern of size 6.

Finally, consider the composite

BKZ o BK2 o BK3 o BK4' o BK}' o BKZ o BK%' o BKZ,

which is the identity since BKZ and BK? commute. This composite was obtained from (Bch)2 by
ignoring the rectification maps. Our strategy to show that (BKS)2 is the identity is to compare it with
the above composite. This comparison reveals that the first rectification map introduces an “error” that
is later canceled by the second rectification map. We leave the details of this computation to Appendix
Al ]

Example 5.12. Let i = 2. We illustrate the analogue of the ith Bender-Knuth involution for type C as the
following composite:

212 112(3 112(3 1123 122 122
—(2'3) (22) (33) (2" 3) rectification

31313 |—= 2|23 |—> 2|23 |—>|2|2|3|—>|2|2|3|—— 2|33

33 33 33 313 2|3 313

Each of the four first maps are type A Bender-Knuth involutions, and the last map rectifies the tableau by
getting rid of the {2, 2"}-vertical domino between the second and third rows.

Note 5.13. During the development of the thesis, another proof of the above map being an involution was
proposed. This proof consists on two parts. The first part is to detropicalize the expression for Bender—
Knuth involutions on GT patterns. Detropicalization refers to a map of semifields that can be described in
layman terms as follows: starting with an expression in terms of “max”s and sums, change each instance
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of “max” for a sum and each sum for a product. The result will be a rational function. For instance, the
detropicalization of the v-toggle is the map

Do<u f (W) .
(Sueo 75) - @)

This allows one, in turn, to detropicalize Bender-Knuth involutions. Once these Bender-Knuth involu-
tions and the rectification map are detropicalized, the equations of the composite were fed into SageMath,
which checked that the detropicalization of the composite on a pattern of order 6 is an involution (as a
rational function).

A second part of this argument is to show that the order of our original map must coincide with the
order of its detropicalization. Since detropicalization and composition do not commute in general, this is
not a trivial statement. We were not able to show this. See [Roé13]] or [GR16] for more instances of this
general type of problems.

Note 5.14. Our defined type C Bender-Knuth involutions do not verify the braid relations of the Weyl
group of type C. For instance, s1s2s1 = s25152, but

1 2/

CpiCprCl 111 1|1 2|12 . CpuCppCl1]1
BKy BK5 BK; 3 3 * > ‘ ‘—BKQBKl BK5 5

1

See also Note In the literature, combinatorial descriptions of type C Lascoux—Schiitzen-berger
involutions are available (see e.g. [San21])), but defined on a different combinatorial model: Kashiwara’s
tableaux. Showing that there is a weight-preserving bijection between King’s and Kashiwara’s tableaux
would then give an alternative proof of Proposition[5.9] See Chapter 8| for such a bijection.

Note also that our analogues for Bender—-Knuth involutions do not agree with Lascoux—Schiitzenberger’s
(as expected) even for column or row tableaux. See Appendix [B]

Corollary 5.15. Orthogonal polynomials in n letters are W (B,,)-symmetric.

Proof. We have W(B,,) = W(Cp). Consider the bijection SOT,(4) — U, KSpT, (1) from Note It is
weight-preserving. We can then write

m= 3 A=Y Y =Y,

TeSOT,(A) 1 TeKSpT,, () I

The result falls now from Proposition [5.9|(the analogous result for type C). [ ]



Chapter 6

The algebraic definition
(Jacobi—-Trudi determinants)

Another classic definition of Schur polynomials is through Jacobi-Trudi’s formulas. It defines Schur
polynomials in terms of another basis of the algebra of symmetric polynomials, discussed in Chapter|[i]
We present it in the form of a theorem.

Theorem 6.1 (Jacobi-Trudi [Jac41, Tru64, Sag01,Sta99]). Let X = x1 + - - + x, be an alphabet. We
have

$2(X) = det (- (X)) oy cn € An(X),

where hg =1 and h_y =0 forallk > 1.

1<i,j<n

We will provide a combinatorial proof of this theorem, via the lattice path method deve-loped in
[Lin73, [GV85].

Lemma 6.2 (Lindstrom, Gessel-Viennot [Lin73}/GV85]]). Let G = (V, E w) be a weighted digraph.
Let A = {ay,....,an} and B = {by, ..., by} be two distinguished sets of nodes. Let W(a;, b;) be the weighted
sum of the set of paths from a; tob;. Assume furthermore that for anyn paths Py, ..., P, with P; : a; — bg;)
for some o € S,,, if the paths are pairwise nonintersecting, then o = id. Then,

det (W(aib))yycn = D, WP w(Py).
(P1...Pn)
P;i:ai—b;
nonintersecting

Proof. We begin by expanding the determinant,

det (W (a;, bj))lgi,jgn = Z sgn(o) l_[ W (ai, bs(s))

€S ie[n]
=Y sen(@) [ D) wP)= D sen(e) Y. w(Py)-w(Py).
oES, i€[n] P:a;—bs(;) ogES, (Py,....Pn)
Pi:ai—bs(i)

The result is now shown via a weight-preserving sign-reversing involution &: if we define such a map on
the set of intersecting tuples of n paths, these will therefore cancel out in the sum. Only nonintersecting
n-tuples survive, and these are all summed with a positive sign, since by hypothesis they induce the
identity permutation.

31



CHAPTER 6. THE ALGEBRAIC DEFINITION (JACOBI-TRUDI DETERMINANTS) 32

To define the involution ®, let (P4, ..., P,;) be intersecting and let (i, j) be the first tuple (with respect
to the lexicographic order) such that P; and P; intersect. Let x be the first node in which they intersect.
We write schematically P; : a; — x — by and P; : aj — x — bg(;). We let &((Py, ..., P,)) be the
tuple (P, ..., P}, ...,PJ’., .., Pp), where P! : a; = x — bg(j) is constructed by following P; from g; to x and
P; from x to by}, and PJf 1 a; — x — by is constructed similarly. See Figure

aj x bs(iy aj ST bsi)

Figure 6.3: The involution @ sends P; and P; on the left to P and P on the right. (The paths on the right
also intersect at x.)

That this is an involution is clear, thanks to the lexicographic order. It is well defined on the set of
intersecting tuples of paths. It is weight-preserving, since the set of edges involved in (P4, ..., P,) and
in ®((Py, ..., P;)) coincide. It is sign-reversing, since the permutation associated with ®((Py, ..., P,)) is
oo (ij). [ |

Proof of Thm. Let A = (A4, ..., 4;) be a partition. Define a weighted lattice digraph L = (V, E, w) with
vertex set [N] X [n] (for N > 1) and arrows going from each node (i, j) to the one immediately east
(i+1,j) and to the one immediately north (i, j + 1). The weight of a vertical arrow is 1 and the weight
of a horizontal arrow is x; if it is at height j.

Define two distinguished sets of nodes; A = {ay := (k,1) : 1 <k <[} and B = {b := (k+Aj_,n) :
1<k<l}

We identify hy,_i.j(x1, ..., x,) With the weighted sum of all possible paths from g; to b;.

Applying Lindstrom-Gessel-Viennot’s Lemmato the set of tuples (Py, ..., P;) of paths from A to
B gives

det(h s (X1 Xn)) 1 jan = D, WP - w(Py),

nonintersecting

Given such a tuple, one constructs a semistandard Young tableaux of shape A by letting w(Pj,1-;) be the
weight of the ith row of the tableau. See Figure

CramM. This map is well-defined and bijective.

Proof of claim. Given a tuple (Py, ..., P,) of paths, with P; : a; — b;, the above procedure uniquely
determines a set of weakly increasing rows. To see that they indeed define a semistandard Young tableau,
one must check that, once these are interpreted as a single tableau T, columns of T are strictly increasing.
Note that under the above correspondence T (i, j) = mif the edge (I—-i+ j,m) — (I—i+j+1, m) belongs
to Pry1-i.

Suppose therefore that T is semistandard restricted to the first i rows, and that it is even semistandard
if the first j — 1 columns of row i + 1 are considered, but that « := T(i, j) > T(i + 1, j) =: f. If we let
y=T(@+1,j-1),then

e (I-i+j,a) > (I-i+j+1,a) belongs to Pjy1;,
e (I-i+j—-1,8) —» (I-i+j,p) belongs to P;_;, and

e (I-i+j—-1,y) > (I-i+j,y) belongs to Pj41_;.
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By the inequalities y < f < a which we have by hypotheses, these two paths intersect at (I —i+j —
1, B), giving a contradiction. See Figure

Xa
x5 e b
aj-i - ﬁ(il _bl—_i Lp)
p— + —
a1 - Hi-Lp
Xy
Figure 6.4: The paths Pj,1_; and P;_; intersect at (I — i+ j — 1, §).
We may define the inverse row by row. This is well defined by the reciprocal argument to the one

above: if the resulting path is intersecting, say if path a; — b; intersects a; — b; (say i > j) at (k,m),
thenT(I+1-i,k—1-1+i) > m=T(+1-j,k—1-1+i), which contradicts T being semistandard. Cm

bl b2 X4 b3
X3 X3 X3
4
— *2 X2
X1 X1

ay az as

=
[ V)

B
w
w

Figure 6.5: The classic bijection between Young tableaux and nonintersecting lattice paths.

Note 6.6. For the bijection between paths and tableaux, the set A can be taken as the diagonal {(k, [-k+1) :
1 < k < I} instead. A different determinantal formula arises. Namely, s3(X) = det(hy,_;4;(Xi))1<ij<n,
where X := x; + -+ + xp.

Theorem 6.7 (Dual Jacobi-Trudi). Let X = x1 + - - - + x,, be an alphabet. We have
SA(X) = det (e/lg—i+j(x))1si,j5n € An(X)a
whereey =1 ande_; =0 forallk > 1.

Sketch of proof. We sketch two different proofs. The first sketch assumes the Jacobi-Trudi formula 6.1}
To see why both determinants coincide, one may use that the » involution on symmetric polynomials
(see Chapter takes s to sy [Sta99l Thm. 7.15.6]. Assuming this, since it is an algebra homomorphism
by definition, we can write

$1(X) = (5 (X)) = @ (det (hy-i45 (), ; s,
= det (w(h%—iﬂ'(x)))lsi,an = det (eA;—Hj(X))lsi,jgn'

Alternatively, one can mimic the combinatorial proof of Theorem 6.1} suitably modifying the construc-
tion. See, for instance [Sag01 Thm. 4.5.1]. ]

In the same spirit, in [FH91| [KT87], they define a family of symmetric polynomials that specialize
to the irreducible characters of types B and C.
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Definition 6.8. We define the symmetric polynomial

D) = det (hy,—i1 | hpimivj + ha—izj2) € Agy.

1<i,j<n
The notation for the determinant is det(a;1|a; ;)i ; = det(a; ) ;. Here, ho = 1 and h_x = 0 for all k > 1.

Two alternative descriptions of this symmetric polynomial are given below. The first one (Theorem
can be thought of as an analogue of the dual Jacobi-Trudi formula whereas the second one
(Lemma[6.11) is analogous to the formula given in Note and allows us to give a simple and elegant
combinatorial proof similar to the one given for type A. Further descriptions of D) may be found in
[FHO1l Section A.3].

Theorem 6.9. We have
D = det(ex—i+j — ex—i—j)1<i,j<n € Aon.

Here,eqg =1 ande_ =0 forallk > 1.
We will follow the proof found in [FH91l Section A.3]. We use the following technical lemma.

Lemma 6.10. Fix integersr andk < r. Let A and B be r X r matrices, with AB = cI for some scalar c. Let
o=(S,8") andt = (T,T") be words in [r]* x [r]"™F corresponding to permutations in S,. Then,

det(A) det(Bg,77) = sgn(o) sgn(z’)cr_k det(Asr),
where As = (As(i),r(j))ij<k and Bs v = (Bg(isk),r(j+k) )i,j<i are submatrices of A and B, respectively.

Proof. Let P and Q be the permutation matrices of o and 77!, respectively. Then, we can write
PAQ=(414) and Q7'BP= (B %)
with A; = Ag and By = By 1. We have
(A1 Az) (132) _ (A1 0)
As Ay )\ 0By Agcl >
and taking determinants, det(P) det(Q) det(A) det(By) = det(A;) - ¢ ¥, giving the result. [

Proof of Thm. The proof will follow from Lemmal6.10] Let r = [(1)+I(1’) and let k = [(A). To define
matrices A and B, we are going to fold two matrices H := (h;_); j<r and E := ((=1)"7ei_j)i j<r.

More precisely, A is going to be the matrix resulting from folding H along the kth column and
adding to each column to the left of the fold the column which lies the same distance to the right of
the fold. Similarly, B is constructed by folding along the kth row and subtracting rows. For instance, for

r=4,k=3,
1000 1 0 00 1e; es —es 1-er es —es
|m1o0o0 | m 1 00 o 12 e o 126 e
H=pn1o|"A=h n 10sE—(00 e ]PB=loo 1 2o |-
hs hs hy 1 hy 1+hs by 1 00 0 1 0 -1 e l-es

Note that HE = I by Corollary[1.13]
CLamm 3. AB=1.

Proof of claim. It suffices to show that if HE = I then the same holds for their folded versions. In this
proof, H = (H;;);j and E = (E;); ; may be taken to be arbitrary matrices. After folding the matrices
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along the kth column and row, respectively, and multiplying the resulting matrices A and B, we get a
new matrix M that we claim is the identity. Indeed, we have

Mij= > AipBpj= Y AipBpj+AikBej+ Y AipBp

peln] p<k p>k
= > (Hip +Hizkp)Epj + HikEkj + Y Hip(Ep; — Exip)
p<k p>k
= Z HPEPJ+ZH12k pEpj — ZHpE?k -
peln] p<k p>k
= (HE);; + Z Hiok—pEpj — Hiok—pEpj = dij- o
p<k

Let (5;5") = (A1, oy Ak =47, s —Al’)+(k,k—1, e Lik+1,k+2, .., k+1). Let (T; T') = (k, k-1, .., 1; k+
1,k+2,...,k+1). That (T,T’) is a permutation is clear.

Cram 4. (S,S’) is a permutation.

Proof of claim. We have that S (resp. S’) is an injective word. Suppose there is an s in SN S’. Then there
existi and j such that A; + k — (i — 1) =s=k+j—/1}.

Equivalently, A; + A; = i + j — 1. On the right hand side, we are counting the number of boxes in
asubset [(j,17°1)] = {(Lk) : k < j}U{(k, 1) : k < i} of [A]. If the cell (i, j) is not in [A], then
Ai < j—1land A; <i- 1, which gives a contradiction. If (i, j) is in [A], then 4; > j and A} > i, which
again gives a contradiction. We illustrate an example:

[1] [] []
| |

[ ] [ ) [J
L1 LL] L1 m]

i+j-1 Ai + A Ai+ ;-1
for (i, j) ¢ [A]  for (i, j) € [A]

By definition, det(Asr) = Dy and det(Bg, 1) = det(ex—i+j — ex-i—j)1<i,j<n- Also, det(A) = 1. We
are now in the hypotheses of Lemmal6.10] which gives the result. [ ]

We now present D, with a formula that closely resembles the formula in Note
Lemma 6.11. LetX; = x; +--- + X, +xi’1 +---+x,1. Fix§ € {0,1}. We have

DA(Xl + 5) =det (hﬁi—i+j(Xi + 5))1§i,j§n € Aoy,

Proof. We loosely follow [Oka89|/SV16]. We begin with an inductive formula.

Cram. g (Xiw1 +6) = he(Xi +8) — (xi + x7 D hyo1 (X + 8) + hg—2 (X + 6).

Proof of claim. We interpret hi as the generating function of (semistandard) row tableaux of size k (see
Proposition [4.6). We assume & = 0 for ease of notation. Assuming § = 1 gives a similar proof.

Let Rf be the set of row tableaux of size k in the alphabet A; = {i < i’ < --- < n < n’}. We construct
a weight-preserving bijection

l+1U({E.}><Rk o> REuRER

Start by sending any element of Rfﬁrl to itself. An element (x, T) in the second set of the left hand side
gets sent to the concatenation of the pair if this is possible. If this is not possible, then x = and
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T(1,1) = [i}, and we send the pair to the tableau resulting from removing the first box from T. For
example, let i = 2, k = 3. Then,

[3[s[4][3]3]4]
[2}[3]+]+
[2}[z]4]+
[2}[2]4]—[4]
This is clearly weight-preserving. To see why it is bijective, we consider an element in the right hand

side. If the element is in R;‘ and it has no i, then it must come from Rffﬂ, and the preimage is uniquely
determined. If it does have an B or an , then one can split it into its first box and the rest to recover

the preimage. Finally, an element T of Rf.‘_Q must come from ([#], T") where T" is the concatenation of
[i]and T. O

In order to simplify the notation, we let z;c := hi(X; + ). Furthermore, for any fixed j, let Z; be the
column vector (zflk—k +j)k£n- The above equation gives

i+l _ i —1y i i
Z7 =Z = (atx; )2+ 25,

Start with the matrix (hj,—+1 | ha—isj + hy,—ie j+2)1 <ij<n’ which appears implicitly on the left hand
side of our desired equation. We write it in the following way:

(le |Z§+Z§ )Z§+Z}1 ‘Zi+zi2( |Z,1+Z}n+2).

Subtracting from the jth the (j — 1)st column multiplied by (x; —x] ') we obtain ng +ij - Z}_Q - ZE]..
Adding now the (j —2)nd column gives ZJZ +ZE].. We do this process, in order, for j = n,n—1, ...,2. The
resulting matrix is
(2|22 |z v 22| 22w 22| | 224 22,).
In the resulting matrix, x; appears exclusively in the first column. We freeze the first column and repeat
the argument, so that x2 appears only in the first two columns. We iterate for x3, x4, etc. until we have
the matrix
@]z 22| z)

which is the matrix in the right hand side of the equality we aim to show. Since column operations
preserve the determinant, we are done. ]

Theorem 6.12. We have
(B). Dy (x1, ...,xn,xl_l, ...,x;l, 1) = 0)(x1,...,xn), and

(C). Dy(x1, ...,xn,xl_l, ...,x;l) = $pr(X1, .o Xpp)-

Proof. We follow the proofs in [Oka89]] and [SV16]]. Fully combinatorial proofs can be found in [FK97|
Section 5] (without using Lemma[6.11).

We construct a weighted lattice digraph L = (V, E,w) as in the proof of Theorem with V =
[H] X [N] for N > 1, where H = 2n+1 for type B and H = 2n for type C. The set E consists of vertical
arrows (i, j) — (i, j+1) of weight 1 whenever this makes sense, and horizontal arrows (i, j) — (i+1, j)
for 1 < j < 2n, which are now of weight x; at height 2i — 1 and x;* at height 2i. For type B exclusively,
we introduce diagonal arrows of weight 1 from each (i, 2n) to (i + 1,2n + 1).
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The sets A and B are defined as follows:
A={ar = (k,2(l-k)+1) : 1<k<l} and B={by:=(k+A_,H):1<k<I}.

(This again resembles Note ) See Figure We thus identify h),_;,; (X; +8) (for § = 0 or 1,
depending if we are in type C or B respectively) with the weighted sum of paths a; — b;.

Applying Lindstrom-Gessel-Viennot’s lemma and Lemma gives the results. (By definition of
the set A, the tableaux are symplectic. The bijection is well-defined just as in type A.) [ ]

[ V)

o

Figure 6.13: The bijection between symplectic and orthogonal tableaux and nonintersecting lattice
paths.

Recall the definition of the dominance order from Chapter[f} A > pif Ay +---+2; > py +- - -+ py; for
all i. We now give a classic but often overlooked statement for Schur polynomials and the analog for
D;. It will let us show that these latter form a basis of Asy,.

Theorem 6.14. Letsy = Y d) h,. Thend,, # 0 implies A > p. Moreover, d,,, = 1.

Proof. We use the structure of the matrix of the Jacobi-Trudi formula. Imagine we are trying to build
a counterexample; a partition p that is as big as possible. The biggest value that y; can get (among all
indices of the entries of the matrix) is A1 — 1 + 1 = A;. Given that we want y; > A;, this must be the
value of 1.

Now, the biggest value of y5 in a minor of the matrix is Ao — 2 4+ 2 = A5, given that y; discards the
first row already. Since we want yy + pio > A1 + A, this must be the value of po.

This reasoning iterates to obtain y = A as the biggest constituent of the sum.

To show thatd,, , = 1, we note that the biggest factor of the determinant constructed above is unique.
And since it is the principal diagonal, it is counted with positive sign. [ ]

Corollary 6.15. The family {s;}.q is a basis of A%. [ ]

Theorem 6.16. LetD) = 3. d) ,h,. Thend, , # 0 impliesA > pand|A| = |p| mod 2. Moreover,d,, , = 1.
We have D1y = h) andD(lk) = e(k) — e(k-2) forallk € N,

Note 6.17. In [KT87], they show that {D,}, is a basis by invoking a similar result. Their result is the
corollary of a stronger theorem: a change of basis equation between {D,}, and {s; }.

Proof. To show the first assertion, note that any counterexample A would necessarily have a summand A,
coming from det(h),_i,;);; with A > p. But the assertion is true for Schur polynomials. The congruence
equality comes from the fact that we either have (1; — i) + j or (A; — i) — j for all i and j; these are all
an even number apart.

The fact that d,,, = 1 is the same argument as for Schur polynomials.

The last facts are also straightforward; in this cases, D, is the determinant of 1 X 1 matrices. [ ]

Corollary 6.18. The family {D)}q is a basis ongn. ]



Chapter 7

The Lie theoretic and algebraic
definitions coincide

In this chapter, we show that the determinants given in Chapter[6|agree with the irreducible characters
of the classical Lie algebras (given in Chapter . Explicitly, letting X = x1 + - +x,and X =x; +--- +
Xn +x;1 + ---+x1’1,we show:

Theorem 7.1. Let A be a partition indexing an irreducible representation of sl(n), so(2n + 1), or sp(2n),
respectively. Then,

(A) 15" (X) = det(h - (X)) <15
B) 1™ (X) = Da(X +1), and
(©) 1" (X) = DAX).
We follow [FH91| Appendix A].
The type A formula
We will start by showing the result for type A. Explicitly, we show

Ai —i
det(xj ) 1<ij<n

- =det(hy,+i-;(X iji<n-
det(x})1<ij<n (Pt (X<t

Recall Corollary[1.13] We have the following similar result.

Lemma7.2. LetX = X1 +---+X, be an alphabet. For eachd > n, j € [n], we have 5L, (=1) e;(X)x{ ™ =
0.

Proof. Let X =x1 +---+xpandlet X' = x +---+xj_1 + Xj41 + - - - + x. In this proof we write E(t)(X)
to specify the alphabet of e4, d > 0. On the one hand, we have

EEDC) _ penoey = 3 =1 eatxee.

( =
1 - Xxjt =0

38
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Note that e;(X’) = 0 for d > n. On the other hand, we have

E(-t)(X
i——)x(jt) = E(=0)(X) - (14 xjt + 2212 - Z(Z( 1) e (X)xd~ )
d=0
Comparing the terms of t-degree d gives the result. [ ]

In particular, one may write x? in terms of ey, ..., e, and x}, . xj.l’l
=2 ! d(el, . en)xd_i for some polynomials ad i=0,. —1,in C[ey, ..., e5]. Since the equation

. By induction, one may write

in Corollaryls of the same form, we may also write hy = Z af(el, ..y €n)hg_;. For any partition
A we therefore have the matrix equations

Ai
(x X; e l)1<11<n = (a/1 e l)1<1r<n(x )1Sr,j§n and

(Pa+j-i)1<ij<n = (aﬁﬁn l)lsi,rgn(hj—r)lsr,j3n~
Note that ((—=1)/"%e;_;);; = (hi j) ! (see Corollary ). Consequently, one can manipulate the two
identities above to write

Ai
(x] " l)l<1]<n = (h/l i+p— l)1<1P<n(( 1)q peq P)1<p q<n(x )13q,j$n~

Taking determinants shows the result (Theorem A), since ((=1)7Peq_p)p,q is a lower triangular
matrix with 1s in the diagonal.
Note that, in particular, we have shown that xj. may be expressed as the following vector-matrix-
vector product,
1 — -
Xj = (hipap X)) 12p<n (1) T Peq_p (X)) 1pgn(x] Di<gzn. (7.3)

The type C formula

In a similar fashion, we now show the formula for type C. For any j = 1,...,n and any p € Ny, let zﬁ.’
denote the polynomial xf — x;p . Every symmetric polynomial in this section is assumed to be in the
alphabet X. We want to show

det(zfﬁn_m)l <ijj<

det(Z;-lf”l)l <ij<n

= det(hy,—i+1 | Aa—iv14) + hamivi-j)1<ij<n

The result will fall from the following lemma.
Lemma 7.4. Foranyl >0, j € [n], we can write zi. as the following vector-matrix-vector product,

n+l-q

Z = (hj—n | hi- n+p+hl n— p)1<p<n(( 17~ peq p)1<pq<n(z )ISan:
where (a1 | ap)1<p<n denotes (ay, ay, ..., ap).
Indeed, this allows us to write (z/1 L) | i<n aS
—g+1
(hp—i+1 | B, —i+1+p T hy, 1+1—p)1<1p<n(( 7~ ‘Deq p)1<p q<n(zn )1<q]<n’

and taking determinants gives the result (Theorem[7.1]C), as before.
So it only remains to show the lemma.
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Proof of Lemma(7.4 We use Equation (7.3) but in the alphabet X = x; + - +x, + xp b4+ a7t to get

xﬁ- = (hl—2n+p(>_())1SpS2n((_1)q7peq—p()_{))1Sp,q£2n(x?n_q)lﬁqs2n and
x;l = (hl—2n+p(X))1Sp£2n((_l)q_peq—p(X))lsp,qsml(x}}_ml)lquZn .

Subtracting both expressions gives

2n 2n
2= > hionp(X)S,,  where S, =Y (-1)TPeq ,(X)2]" . (7.5)
pr=1 q=p

Fix p € [2n]. Lemmal7.2|for the alphabet X and an arbitrary d > 2n, gives

x}i — el()_()x;?*l + ez()_()x}i—Q et eQn()‘()x;i—zn -0.

Multiplying by xf ~ and isolating terms then results in
Sy p-1 S\ p-2 o o\ p—2
xf - el(X)xf + eg(X)xf — et (—I)Pepx;-) = (-1)"*"epn (X)x; Lyoo— egn(X)xf "
This same expression but for j = 2n + 1 — j (that is, for the variable x;l) is

- Sy 1- o\ 2— S o\ 2n—
xjp —e1(X)x; Lt e2(X)x; Pt (—l)pepx? = (—1)p+1ep+1(X)x} o= egn(X)xj" P,
Subtracting both identities gives

= 52717;)

zf —e ()Z')zf_1 + 62()?)2?_2 — et (—1)1’_16;,_12]1- (7.6)
= (~DPepr (X)z] +- -+ e2n(X)2)" 7.
We use the following result.
Cramm. (—1)Pe,(X) = (-1)*"Pegy_p(X).

Proof of claim. We have Y5 eq(X)t? = E(—t_)(X) = [lie(n (1 = x:0)(1 = ') = Tliepm (1 = (xi +
xi’l)t +t2). In particular, we can write E(—t)(X) = t>"E(-t"1)(X).
Let us denote by [a]P(¢) the coefficient of t* in the polynomial P(¢). We have

[2n = pIE(=0)(X) = [2n— p]t*"E(=t"1)(X) = [-p] E(~t~)(X) = [p]E(~1)(X). o
It follows from the claim that the right hand side of Equation is S;, and thus we have S, = Sa,p.
Note that we can also write the left hand side as R,_p1, where R, := g:p(—l)q’p €q—p (X )z}”l_q.

We bring back Equation to obtain
2n
2= > o (XS,
p=1

n 2n
=hj_on1S1+ (Z hi—2n+p (X)Sp) +hipSpe1 + ( Z hi—2n+p (X)Sp)
" \p=2 p=n+2
=0by[72]

= (Z hl—2n+p(X)Sp) +hjpSps1 + (Z hl—2n—p (X)S2n—p) .

p=2 Pp=2
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And now, since Sp = San-p = Ru_(p-1), a reparametrization gives

n-2
2= hiaRo+ ) (Binep(X) + i (X)) Rpar.
p=0
This is exactly the formula we were seeking. [ ]

The type B formula

Finally, we turn our attention to the type B formula. We let z; := xf - x;p forj=1,..,nandp € %NO.
Every symmetric polynomial in this section is assumed to be in the alphabet X + 1. We remind the

reader that we only treat spinless irreducible representations (those indexed by partitions, as opposed
to half-partitions). We want to show Theorem B,

Ai+n—i+1/2
det(zjl / )lsi,an

—i+1/2
det (27" )1<izn

= det(hy,—i+1 | Pa—iv14+j + Pamivi-j)1<ij<n-

Note that zﬁ.’ . (xlA/2 +x71/2) = z[.’+1/2+zf71/2. Thus, starting from the left hand size of the above equation,

J J J
172, _-1/2

one may multiply numerator and denominator by []7_; (x S ) to obtain

Ai+n—i+1/2 Ai+n—i+1 Ai+n—i Ai+n—i+1 Ai+n—i
det(z}’ Jicij<n  det(z} +2;7 Disijen det(Z) +2;" Di<ijen

—7 i 1 _ — 1
det (2} B2 ien det(z77" + 2771 <1 j<n det(z77" )1 <ij<n

To see the second equality, note that the matrix (z;."i’r1 + z;.”i),- ; may be obtained from the Vander-
monde matrix (z;?_”l),-
determinant.

We now use Lemma[7.4|and the formula hx (X + 1) = he (X) + he_1 (X) (see also Proposition to

conclude.

; by performing row operations. (Note also z? = 0.) Therefore, it has the same



Chapter 8

Other combinatorial models for type
C

In this chapter we survey the different models for symplectic tableaux and the way the different models
are related.

At first glance, the most noticeable difference between the models is the alphabet that they use.
Throughout this chapter, we will mainly use the following four alphabets:

A={l<1"<2<2' <---<n<n},
B={n<---<2<1l'<1<2<---<n}
C={l<2<--<n<n<---<2 <1} and
D ={1<2<---<2n}L

We refer to any alphabet whose underlying setis {1,2,...,n,1°,2’, ..., n’} as a symplectic alphabet. For
instance, A, B, and C above are symplectic. Given a symplectic alphabet X, we write X’ for the alphabet
in which primed and non-primed letters are exchanged. By relabeling of a tableau T : [A] — X from
an alphabet X to an alphabet Y we mean postcomposition with the order-preserving map sending X
to Y. We denote this by Ty.

We will, in total, deal with four families of tableaux: King’s, De Concini’s, Kashiwara’s, and split
tableaux. King’s tableaux were already defined in Definition[4.1 We now define De Concini’s. But first,
we need to introduce some terminology.

Definition 8.1. We say that T is a column tableau if T is of shape (1¥) for some k. Let T be a semis-
tandard column tableau in the alphabet A = {1 <1’ <2 < 2" <.-- <n < n'}. We say T is admissible
if T(i, j) > i. More generally, we say a column tableau T in a symplectic alphabet X is admissible if a
reordering of its entries produces an admissible semistandard column tableau in A.

In other words, a column tableau T in a symplectic alphabet X is admissible if
#T LY, .00 <i

for all i. Note that with this definition, King’s tableaux are exactly semistandard tableaux in the alphabet
A in which every column is admissible.

Fix a symplectic alphabet X. In what follows, we identify a semistandard column tableaux T in
X with the pair of sets (A, D), where A C [n] isthe set {a : a’ € imT}, and D C [n] is the set
{d : d € im T}. This completely determines T.

42
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Definition 8.2 (Split version in 8B). Let T = (A, D) be an admissible semistandard column tableau in
the alphabet 8 = {n’ < --- <2’ <1’ <1< 2 < --- < n}. The split version of T is the pair (P, Q) of
semistandard column tableaux in 8 which we obtain as a result of the following algorithm:

esetJ=0
« for i ranging over A N D in descending order:

— set j € [n] to be the greatest number which is not in AU D, and not in J, and is smaller than
i

- add jto]J
e« return P= (A, (D-A)UJ)and Q= ((A-D)U J,D).

We identify the pair (P, Q) with a tableau with two columns. Diagrammatically, split is the map (4 ) —
(AB), where B:= (D—-A)UJ,C:=(A-D)U ], and ] is defined via the above algorithm.

The split version of a tableau T : [A] — B of shape A is a tableau of shape (241, 21, ...) in which
each column is exchanged for its split version. We denote this by split(T). More generally, the split
version split(T) of a tableau T : [A] — X is the relabeling split(Tg) x.

Example 8.3. Let T = ({3, 4}, {2, 3}) denote an admissible semistandard column tableaux in the alphabet
B. We have 3 € {3,4} N {2, 3}, and thus we find j = 1 which is not in {3, 4}, nor in {2, 3} and it is smaller
than 3.

We note that it is useful to think of A and B to be in bijection: elements in A—D are sent to themselves,
and each i € AN D is sent to their corresponding j as in the loop of the algorithm. Similarly, D and C
are in bijection.

Example 8.4 (Example[8.3|contd.). We have a bijection A — B given by 3 +— 1 and 4 > 4. We have a
bijection D — C given by 2 +— 2 and 3 — 1.

We point out some properties about the algorithm that are immediate from its definition. If T is a
column tableau, then split(T) is a semistandard tableau. Moreover, if an entry [ a | is found in column 1
of split(T), then

. is not in column 1, and
« exactly one of [ a|and[<'|is in column 2.

A similar analysis can be done for an entry [« | in column 1. Finally, we can break split(T) into blocks
in which, for some minimum a and some maximum b, all numbers ¢ € [a, b] appear (as either primed
or non-primed entries) in the block, exactly once in each column. This becomes apparent in the next
example.

Example 8.5. LetT = ({3,4,6,8,9,11}, {4, 5, 6,9}) be a column tableau in 8. Then, split(T) = (({3, 4,6, 8,
9,11},{1,2,5,7}), ({1,2,3,7,8,11}, {4, 5, 6, 9})). We let arrows denote the bijections A — Band D — C
in the diagram below. We divide the split tableau into three blocks X U X’ (corresponding to the interval
[1,6]), YUY’ (corresponding to the interval [7,9]), and Z U Z’ (corresponding to the interval [11,11]). In
this case, Z is empty.



CHAPTER 8. OTHER COMBINATORIAL MODELS FOR TYPE C 44

] (i 11-> 11 7/
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Definition 8.6. A De Concini (symplectic) tableau is a semistandard tableau T in the alphabet 8 =
{n"<---<2"<1"<1<2<--- < n} such that each column of T is admissible, and such that the split
version of T is semistandard.

Example 8.7. The following is a De Cocini tableau and its split version.

4141 4141431
3|14 | |3 |2|[1]|1]/4]4
34 213134

We can similarly introduce the notions of coadmissible column and cosplit version. A column
tableau is called coadmissible if after the relabeling i — n+1—i (and i’ — (n+1-i)’), the column tableau
becomes admissible. That is, if #T*({n,n’,...,i+1,i+1’}) < i. On the other hand, if one writes the
split algorithm diagrammatically as (g) > (4 B), then the cosplit map can be written as (g) — (A5).
Explicitly:

Definition 8.8 (Cosplit version in B). If T = (B,() is a coadmissible semistandard column tableau
in the alphabet B, the cosplit version cosplit(T) of T is the pair (P, Q) resulting from the following
algorithm:

esetJ=0

« for i ranging over B N C in ascending order:
— set j € [n] to be the smallest number which is not in BU C, not in J, and is greater than i
—addjto]

e return P= ((B-C)U J,C) and Q = (B, (C - B) U J).

See [She99]] for more information. Again, the cosplit version of a tableau in 8 is created exchanging
each column for its cosplit version, and the cosplit version of a tableau T : [A] — X is cosplit(Tg) x.

Note 8.9. If the split version of T coincides with the cosplit version of Q, then the weight of T is the same
as the weight of Q. This is clear, since they only differ in pairs of (i,i’) entries.

The tableaux above were introduced in [DeC79]. A bijection between King’s tableaux relabeled to
A’ ={1" <1< --- <n' <n} and De Concini’s tableaux is given in [She99]]. We present it at the end
of this chapter.

We now turn our attention to a third model of symplectic tableaux.

Definition 8.10. A Kashiwara (symplectic) tableau is a semistandard tableau T in the alphabet
C={l<---<n<n’ <--- <1} such that
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(K1) if a and a’ appear in the same column, say T(r,c) = a, T(s,c) = a’, then (s — r) + a is strictly
greater than the length of column T(—, ¢), and

(K2) if two adjacent columns of T have one of the following four configurations:

p— a a ala a

q— b b

r— b’ v’

s — a’ a a’ a | a

(by which we mean that e.g. the first @ entry in the first column is at row number p, etc.), then
(g—p)+(s—r) < (b—a). In particular, the third and fourth configurations are impossible. Here,
p<g<r<sanda<b.

Note that the third and fourth conditions of are redundant, but included since they prove to be
useful in later proofs.

It is often useful to think of a reformulation of The proof of this statement is included in
Appendix[C]

Lemma 8.11. Let T be a tableau in the alphabet C satisfying[(K1)} Then, T satisfies[(K2) if and only if it
satisfies|(K2)}

(K2’) if two adjacent columns of T have one of the following two configurations:

p— a a
q— b b
r— ¢’ ¢’
s— d d

then (¢ — p) + (r —s) < max{b,c} —min{a,d}. Here,p < g <r <s,a<b,andc < d.

As we will see, De Concini’s and Kashiwara’s tableaux are closely related. We give a bijection as a
corollary to the following theorem, whose proof is postponed to Appendix [C]

Theorem 8.12. Let T be a semistandard tableau in the alphabetC = {1 < ---<n<n’ <---<1}. A

column of T verifies|(K1) if and only if it is admissible. The tableau T verifies|(K2) if and only if the cosplit
version of T is semistandard.

Note 8.13. A semistandard column tableau T in C is admissible if and only if Tg is coadmissible. Therefore,
a tableau T : [A] — C is a Kashiwara tableau if and only if each column of Tg is coadmissible and the
cosplit version of Tg is semistandard.

It will be nevertheless useful to have a way of computing the cosplit version of a tableau in C directly.

Definition 8.14 (CosplitinC). LetT : [A] > C={l1 <--- <n <n’ <---1’} beacolumn tableau, which
we represent as a pair (B, C) of subsets of [n] where B={i : i€eimT}andC = {i : i’ € imT}. Assume
T to be admissible. The cosplit version cosplit(T) of T is the pair (P, Q) of column tableaux resulting from
the following algorithm:

e setJ=10

« for i ranging over B N C in ascending order:
— set j € [n] to be the greatest number which is not in BU C, not in J, and is smaller than i
- addjtoJ

e« return P = ((B-C)U J,C) and Q = (B,(C - B) U ]J).

If T : [A] = B is aDe Concini tableau, we say T is a De Concinic tableau.
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Corollary 8.15. The map cosplit™ o split gives a weight-preserving bijection between De Concinic
tableaux and Kashiwara tableaux. [ ]

Inspired by this bijection, we present two novel and different characterization of De Concini tableaux.
See Appendix [C|for proofs.

Proposition 8.16. Let T be a tableau in the alphabet B such that each column is admissible. Then, T is a
De Concini tableau if and only if it satisfies|(DC’);

(DC’) if two adjacent columns of T have one of the following two configurations:

’ ’

p— a a
q_} b/ bl
r— ¢ c

s— d d

then (q — p) + (r —s) < max{a,d} —min{b,c}. Here,p < g <r <s,a<b,andc < d.
Lemma 8.17. Let T be a tableau in the alphabet B such that each column is admissible. Then, T satisfies
if and only if it satisfies[(DC)
(DC) if two adjacent columns of T have one of the following two configurations:

p— a a

q_) b/ b/
r— b b
s— a a

then (q—p)+ (r—s) <a-—b.Here,p < q<r<s.

Note 8.18. In the literature, e.g. in [Kra98| [Lit90| [LMS79], some authors make the split version of the
De Concini’s tableaux their main object of study. (Or, the cosplit version of Kashiwara’s tableaux.) The
preferred alphabet in [Kra98] is O = {1 < 2 < --- < 2n}. We call these split tableaux. We refer to [Kra98|
Def. A3.1] for a precise definition.

The advantage of Kashiwara’s and De Concini’s tableaux over King’s tableaux is that we have a
description of the crystal structure on them. See Chapter[9]
Summing up, we have the following bijections, where vertical arrows are just relabeling.

split tableaux Kashiwara’s tableaux
relabeled to C split in the alphabet C
King’s tableaux split tableaux
in the alphabet A in the alphabet D
King’s tableaux De Concini’s tableaux split tableaux
relabeled to A’  Sheats in the alphabet B cosplit / relabeled to B

In particular, the implementation of the composite allows one to compute the effect of crystal operators
on any of these sets of tableaux in SageMath. See Appendix D]

The composite bijection from King’s tableaux to De Concini’s tableaux is weight-inverting; that is,
a tableau with weight xil x;2 -+ x" gets mapped to a tableau with weight xl_ilx; ... x,'™. The compos-
ite bijection from De Concini’s tableaux to Kashiwara’s tableaux is weight-reversing; that is, a tableau

with weight xil x; Ceexln gets mapped to a tableau with weight xl_i"x; Ittt
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Example 8.19. Here is an example of each map in the above diagram.

1(1(2]2 2
2|3|3[3] &—13|3
3|21 3|

2 1122
33 213(3/|3
33 4566
1’12/ 3|2 3 3/12’ 2/
3|3 < 112717 > (2|1 |1|1
313 23 1)2]3]3]

We will now describe Sheats’ bijection and its inverse. It is based on a modification of the classical
jeu de taquin algorithm [Sag01]]. We present the bijections algorithmically. A detailed and careful de-
scription of these maps is an arduous task and beyond the scope of this short survey. We thus refer the
interested reader to in [She99]]. We introduce some useful definitions first.

Definition 8.20. Let T be a tableau T : [A] — X and let ¢ € [A] be a cell. The puncture of T at ¢ is the
pair (T¢, ¢) where T is the restriction of T to [A] — c. When representing tableaux as fillings of Young
diagrams, we denote the puncture by e.

A puncture (T¢,c) of a De Concini column tableau T at ¢ = (r, 1), can be represented as a triple
(A,D;c) by letting A := {a : @’ € imT}and D := {d : d € imT¢}. Thatis, if T = (A, D),
then (T¢ c¢) = (A, D;c). This allows us to define the split version of (T¢, (r, 1)) as the double puncture
((split(T€), (r,1)), (r,2)). Therefore, the split version of a puncture (T, c) of a De Concini tableau is
defined to be the double puncture of the tableau of shape (211, 215, ...) in which each column of (T¢, ¢)
is exchanged for its split version.

Given a King’s tableau T, we will refer to T4 as a King # tableau. Starting from a De Concini tableau,
Sheats’ bijection produces a King #- tableau by “moving” each primed entry using a modified version
of Schiitzenberger’s jeu de taquin algorithm [Sag01] Section 3.7] until it verifies the semistandard rules
with respect to the alphabet A’. In its intermediate stages, we get tableaux with a King %/ part and a De
Concini part. We refer to these as mixed tableaux in what comes.

Definition 8.21 (Sheats’ bijection). To initialize the algorithm, let T be a De Concini tableau (a mixed
tableau with an empty King 4/ part).

Given a mixed tableau, let i’ be the smallest value in its De Concini part (with respect to the order
induced by B). We add every entry greater or equal to i with respect to < # to the King part. Let ¢ € [A]
be the cell of the right-most instance of i’ in the De Concini part. Consider the puncture (T¢,c).

We now perform jeu de taquin on the double puncture ((split(T°),c’),c”). At any given step of the
jeu de taquin algorithm, the punctures will fall into the following configuration, where a and b might
not exist.

..‘a‘*‘

* | b

If both a and b do not exist, then stop for now. Otherwise, if a doesn’t exist, then we perform a down
slide (defined below), and if b doesn’t exists, then we perform a right slide. Finally, if both exist, we
compare a and b. If a <g b we perform a down slide and vice versa.
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A down slide is the map that changes

ooforxb
x|b e | e

and leaves the rest of the tableau unchanged. To describe a right slide, consider the four columns
involved in the above configuration. (These form semistandard columns with respect to 8.) We let
them to be denoted diagrammatically as

A1 By Az Ba
(c1 D1) and (C2 D2)~

If r is a primed entry, then a right slide involves transferring r from Aj to By, and then changing the left
columns for the cosplit version of (B 1U1{a} ), and the right columns for the split version of ( A2 la ). Ifris
non-primed, then they are changed for the split version of (}, ] {u}) and the cosplit Ver51on of ( {a})
respectively. In both cases, the punctures are later placed in the same row but on the right two columns.

We slide the punctures as long as we can. Once we are done, we consider the unsplit version of the
current tableau and add back its King #/ part. We place | # | where the puncture is, to its King #- part. We
have produced a mixed tableau that has (at least) one more entry on its King #- part and one less entry
on its De Concini part.

Now we look for the next entry to move and repeat the process until the tableau is semistandard
with respect to A’.

It is non-obvious that the map is well-defined (in particular, that the image is a King 4/ tableau). It is
also non-obvious that jeu the taquin is weight-inverting. We refer to [She99] for proofs of these facts.

Example 8.22. We hope this example helps understanding this complicated definition. We let the King 4
part of the tableau to be yellow shaded.
We start with the lowest entry with respect to <g, which is 3’.

3| o 171
2|2 =22
113 1

We consider only the De Concini part to perform jeu de taquin. In this case, two down slides are performed.

o [17]1 . el ||[l'|1||1]|1 2712711171
split down
22 —(2/]2||2]2 — e | 0|22
1 1|1 11
271271111 2 (1|1
down split™!
— | 1|11]2]|2 —_—1]2
L] L[] L]

And now restore the original tableau, remove the puncture, and add all necessary entries to its King part.
We pick the next entry to move too.

2|11 o |11
12 |1
®|3 3|3

We focus again on the De Concini part to perform jeu de taquin: we perform two right slides.

o |11 ] split [e]e|[1/]1/|[17]1] right [2/]1 \ . \ .\ 1]1
—_— >
1 1)1 1]2
right [2/[17|[17]17][ o \ -‘split_l 21 .\
> ;
1]2 2

Upon restoring the tableau, the entry to move is again a 2’. One slide later, we are done.
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2 [1]®] o[

22 =22

313 3|3
DEE DD S DR D

1|@|2 17122

212 =22

313 3|3

Let us now describe the inverse map. Given a King 4 tableau, we produce a De Concini tableau
by using a modified jeu de taquin algorithm until it verifies the semistandard rules with respect to the
alphabet B. In its intermediate stages, we get mixed tableaux.

Definition 8.23 (Sheats™!). To initialize the algorithm, let T be a King 4/ tableau seen as a mixed
tableaux with empty De Concini part.

Given a mixed tableau, let i’ be the smallest value in its King part (with respect to <g). Every entry
strictly smaller than i’ (with respect to <) is added to its De Concini part. We also add the left-most
instance of i’ in the King part to its De Concini part, and puncture the De Concini part at this same
location.

Now we perform jeu de taquin on the split version of the De Concini part of the tableau. It now
has two punctures. At any given step of the jeu de taquin algorithm, the punctures will fall into the
following configuration (where a and b might not exist).

b | =

‘*‘a"‘

If both a and b do not exist, stop for now. If only one of them exist, then we slide the puncture into it (by
performing either an up slide or a left slide, which we define below). If both exist, we compare them. If
a <g b, then we perform an up slide and vice versa.

An up slide is the inverse of a down slide, described above.

A left slide is the inverse of a right slide, also described above.

We slide the punctures as long as we can. Once we are done, we consider the unsplit version of the
current tableau and add back its King #- part. We place | # | where the puncture is, to its De Concini part.
Importantly, if the column in which we just placed has an instance of m, then it too is to be added
to the De Concini part.

We have produced a mixed tableau that has (at least) one more entry on its De Concini part and one
less entry on its King 4/ part.

Now we look for the next entry to move and repeat the process until the tableau is semistandard
with respect to B.

Example 8.24. Reverse all arrows in Example



Chapter 9

A crystal structure on type C
tableaux

Semistandard Young tableaux arise naturally when the representation theory of sl(n) is studied via
crystal theory; more precisely:

Theorem 9.1. The crystal basis for the finite dimensional irreducible representation L(A) of sl(n) with
highest weight A is canonically identified (as a set) with the set of Far-Eastern readings of semistandard
Young tableaux of shape A. [ ]

We will introduce below some of the necessary definitions to understand the above statement in
this chapter. More background on crystal bases is given in Chapter [10} The focus of this chapter is to
understand the analogous statement for type C, Theorem We will therefore not show the above
statement; the interested reader may adapt our proof below or see [KN94| [HK02| [SV16].

When studying the representation theory of sp(2n), Kashiwara’s tableaux arise. However, because
of our conventions (fixed in Chapter [2), which were the natural conventions to take for developing
King’s tableaux, some of our definitions will be slightly awkward. A more elegant development of the
theory is seen in the literature on Kashiwara’s tableaux [KN94, HK02| BS17]].

We begin by analyzing the natural representation V of sp(2n). This is the representation sp(2n) —
al(2n) = gl(V) defined by letting any matrix act by matrix multiplication. (In particular, V = C2" as
vector spaces.)

It is enough to understand this action on a system of generators of the Lie algebra. We gave such a
system in Chapter[2] The only subspaces fixed by any matrix in the Cartan are the coordinate subspaces.
More specifically, the only weight spaces of V are V., for i = 1,..., n, which are

0 0

0

é ! : : 0
Vel = < . >, V62 = < : >= cees Ven = ( (1) >: V—en = < (1 >, cees V—51 = <( )> .
. : . . i

0 0
0 0

The action of e; takes V, to V¢,,, and V_, to V_,_,, and vanishes on the rest of the weight spaces. On
the other hand, ey takes V_, to V,. As usual, f; does the opposite of what its corresponding e; does.

Example 9.2. Let n = 2; that is, we work in sp(4). Letv € C*bea generic vector. We have

(1) 0 o 3 0 ! o %1
(Y [ [
-10 Uq —u3 0 Uq 0

50
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We may draw the following diagram:

el eo €1
0 Ve, €1 Ve, —€5 0
= 5 i
1 0 1

Each weight space is one dimensional. One may wish to obtain a basis for the representation such
that (1) each basis element is a weight vector, (2) the actions of the different e; permute the basis elements
(or act as 0), and (3) the action of f; is inverse to that of e; in the basis. We call such a basis a crystal
basis. In this chapter, we will assume existence of crystal bases for finite dimensional highest weight
representations of sp(2n), even though this statement is not totally correct. We make this a bit more
precise in Chapter [10] For a detailed account of the theory of crystal bases, see [HK02] or the original
papers [Kas94, [KN94].

If we let[ i | be the crystal basis element spanning V.
basis element spanning V_

1o fori=1,...n,and we let| 7 | be the crystal

eni_;» then the crystal graph of the natural representation is

DR = = R

where an arrow labeled i corresponds to the action of f,_;.
Just for completeness, we include the combinatorial definition of a crystal [HK02| [BS17].

Definition 9.3. Let g be a semisimple Lie algebra. Let A = {f, ..., fn} be a set of simple roots. Let
X = Y, Zw; be the set of integral weights. A(n abstract) crystal is a set B together with maps

e w:B—oX,
o &,0;: B> ZU{-0o}, fori=1,..,n,
« E,,F;: B— BU{0},fori=1,..,n,
satisfying the following axioms:
(C1) @i(b) = &:(b) + (B, w(b)) foralli=1,..n
(C2) w(E;b) =w(b)+ pi, w(Fib) =w(b)—pi, whenever E;b (resp. F;b) is in B.

(C3) €(Eib) =¢;(b) -1, ¢;(Fb) =¢;(b) -1, whenever E;bisin B,
@i (Eib) = ;i(b) +1, ¢&(Fib) =¢;(b)+1, whenever F;bis in B.

(C4) Fia=bifand only if E;b = a,forall a,b € B,foralli=1,...,n.
(C5) if ¢;(b) = —oo for some b € Bthen E;b = 0 = F;b, and ¢;(b) = —co.

(Note that ¢; is completely determined by ¢; and w.) The crystal is furthermore called seminormal if
one can write

&(b) =max{k >0 : Efb € B} and ¢;(b) =max{k >0 : Fikb € B}.

The crystal graph is the weighted digraph G with vertex set B and an edge a — b with weight i
whenever Fia = b.

Warning. Do not confuse the crystal map ¢; with the weight lattice element e;.
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We will now check that the above graph defines an abstract crystal. (Note that we are not checking
that this crystal structure has any representation-theoretic meaning; we omit this.) Recall that we take
F; to be the crystal operator corresponding to the action of f,_;.

Proposition 9.4. The graph

Li...ﬂgﬂ...i,

is a crystal graph, and defines a seminormal crystal of sp(2n) by setting f; := €p41-i — €n—i fori=1,..,n
and By, := 2€1, and

. Wm = €n+1-is W = —€n+l-i>

c @ilj|=0dij=¢l;| fori=1,..,n—Tlandj=1,...n,

s @i/ ]|=0ij=¢e]i| fori=2,.,nandj=1,..,n,

s ol i|=6nj =i} eu[i]=0=¢ni] forj=1,.,n

Example 9.5. We record the values of ¢; and ¢; for the seminormal crystal of the natural representation

of sp(4).
-] 5[]
o1 1 0 1 0
¢2 0 1 0 0
£1 0 1 0 1
£ 0 0 1 0

Proof. Seminormality will follow from the definitions of ¢ and e. We check the axioms.

(C1) Forfixedi=1,..,n—1and j = 1,...,n, we check ¢;[ j | = &[ j |+ (B, w[j ). Computing both sides
of the equation, we get J; ; on the left hand side, and §;41,; + (6;j — di+1,j) on the right hand side.
A similar computation gives the result if b = [;/]. For i = n, we note (f,,€;) = 81, which gives
the result.

(C2) Forafixedi = 1,..,n— 1, we check w(E;b) = w(b) + f;, whenever E;b € B. We note that this

latter condition implies b = or . We compare WE] with w + ;. That is, €,41-; with
€n—i+ (€n+1-i — €n—i), which are equal. A similar computation gives the result if b = . The result
involving f; is again shown similarly. For i = n, the desired result is just one tautological formula:

w =w[n]+ 2er.
(C3) This statement is clear.
(C4) This is true by hypothesis.

(C5) This statement is void for this particular crystal. [ ]

Definition-theorem 9.6. Given two crystals By and Bs, we define the tensor product of B; and Bs
as the crystal with underlying set B; X By and maps given by

e w(a®b)=w(a)+w(b),

Eia ®b if (p,’(a) > Ei(b),
a® Elb if q)i(a) < Ei(b),

Fia®b if ¢;(a) > (),

« Ei(a®b) = { a® Fb if p;(a) < &(b),

F,(a®b) ={

- &i(a®b) = max{e;(a), &(b) - (B, w(a))},
¢i(a®b) = max{p;(b), ¢i(a) + (B, w(b))},
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fori=1,..,n. (We write a ® b for (a,b), and we have a® 0=0=0® b.)

Proof. We check well-definedness of the definition.

(€1)

(€2)

(©3)

(C4)

(C5)

We aim to show ¢;(a ® b) = ¢;(a ® b) + (B, w(a ® b)). That is,

max{g;(b), ¢i(a) + (B, w(b))} = max{e;(a), &(b) — (B, w(a))} + (B, w(a) + w(b)).
Using axiom (C1) for B; and Ba, the formula follows.

We check w(E;(a ® b)) = w(a ® b) + f;; the other formula is shown similarly. Unraveling the
definitions and using (C2) for By, Bs, the formula we seek is

(w(a) + i) +w(b) = w(a) + w(b) + B; if p;(a) > &(b),
w(a) + (w(b) + f;) =w(a) +w() + f; if pi(a) < &(b).

But this is tautological.

We check ¢;(E;(a ® b)) = ¢i(a ® b) — 1; the other three formulas are shown similarly. Using (C3)
for By, By, we rewrite the formula we want to check as

max{e;(a) — 1, &(b) — (B, w(a))} if pi(a) = &(b),
= max{e;(a), &(b) - (B, w(a)} -1
max{e;(a), &(b) —1 - (B, w(a))} if p;(a) < &(b).
= max{e;(a), &(b) - (f/, w(a)} -1
We now use (C1) for By, By to note that ¢;(a) > &(b) if and only if ¢;(a) > &(b) — (B;, w(a)).
The formula is therefore clear.

Let Fi(a ® b) = ¢ ® d. We aim to check E;(¢ ® d) = a ® b. The reciprocal is shown similarly.

We have
Eic® d if (pi(C) > Ei(d),

We distinguish further into more cases: ¢ ® d is either F;a ® b or a ® F;b. We have

EiFia®b if ;(Fia) = €(b), pi(a) > &(b),
Eia® Fib if ¢;(a) > €;(F;b), pi(a) < &(b),
Fia® Eib  if ¢;(Fia) < €i(b), @i(a) > &i(b),
a® E;Fib  if p;(a) < &(Fib), ¢i(a) < &(b).

Ei(C ® d) =

We may now use (C3) to simplify the cases. For instance, the second case becomes ¢;(a) >
e(b) + 1, ¢i(a) < €(b), which is impossible. Similarly, the third case is impossible. But in the
first and last cases, we have E;Fia® b = a ® b = a ® E;F;b (using (C4) for By, Bs). This gives the
result.

If p;(a ® b) = —co, we deduce ¢;(a) = ¢;(b) = —co, and the result now follows using (C5) for
By, Bs. ]

Lemma 9.7. If By and By are seminormal crystals, then By ® By is seminormal.
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Proof. Let K be defined as max{k > 0 : Ef(a ® b) € B}. We aim to show K
(B, w(a))}. Using axiom (C1), we may rewrite this as

max{e;(a), &(b) —

K = ¢i(a) + max{0, &(b) - ¢i(a)}.

Suppose first that ¢;(a) > &;(b). Since By is seminormal, g;(eXa) = ¢;(a) + k > &(b) for all k > 0.
Therefore, EX (a ® b) = EX(a) ® b and thus K = ¢;(a).

Suppose now that ¢;(a) < ¢(b). Then Ef.‘(a ®b) = Ef‘l (a ® E;(b)). Since By is seminormal,
pi(a) < &(b)+k = ¢ (Ef(b)) while k < ¢;(b) — ¢;(a). When applying the operator E; to Ef"(b)fw"(a) (a®
b)=a® Efi (b)=g:(a) (b), we act on the first factor by definition. This brings us back to the first situation,
which in turn gives the formula K = ¢;(a) + £;(b) — ¢;(a). [

We are now almost ready to describe the crystal structure on Kashiwara’s tableaux. But first, we
need to introduce readings.

Definition 9.8. Given a tableau T, the Far-Eastern reading of T is the formal tensor of its entries,
going column by column, top to bottom, and right to left.

Example 9.9. Here is a tableau and its Far-Eastern reading.

1125
T2 ‘»—>®®®®.

Since every irreducible representation of sp(2n) appears as a subrepresentation of some tensor
power of the natural representation, one can interpret weight vectors of any given representation as
some tensor of the weight vectors of the natural representation. We get the following theorem [HK02]
Thm. 8.3.3], [BS17, Thm. 6.10], [KN94, Thm. 4.4.3].

Theorem 9.10. The crystal basis for the finite dimensional irreducible representation L(A) of sp(2n) with
highest weight A is canonically identified (as a set) with the set of Far-Eastern readings of Kashiwara’s
tableaux of shape A.

Proof. Since L(A) is a subrepresentation of V®N for N = ||, the crystal graph of L(1) appears as a
connected component of the crystal graph of V®N [HK02, Thm. 4.2.10], which we now know how to
compute. More specifically, the crystal graph for L(A) will be the connected component generated by
its highest weight vector, which we aim to identify with the Kashiwara tableau T, : [A] — C given by
T(i, j) = i. For instance, for A = (3,3,2), n = 3,

Ty=|2|2]2].
3[3

So it will suffice to show that the set of Kashiwara’s tableaux of shape A is stable under the action of F;
and E; for all i (when the action doesn’t vanish), and that it has a unique highest weight vector Tj.

Let us show stability. Let T be a Kashiwara tableau of shape A. Suppose F;T # 0, i # n. Therefore,

T and F;T differ either by an entry x = E] turned into , or by a entry x = turned into . If

i = n,then T and F;T differ by an entry x =[n | turned into .
Cram 1. The tableau F;T is semistandard in the alphabet C = {1 <--- <n<n’ <--- <1'}.

Proof of claim. For the purpose of this proof, we will assume T and F;T differ either by an entry x =
turned into . The other cases are shown similarly.
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Let r be the entry immediately to the right of x, if it exists; let d be the entry immediately below
x, if it exists. We introduce some notation for the entries of T and two subreadings of the Far-Eastern
reading of T;
D
—_—

A1 Q® - QarR®@r®b1®-- b ®x®d®c1 Q- Qe -

R
Schematically, R and D define the following two highlighted parts of the tableau:

T = d Ed R= d and D= d

By hypothesis, F; takes x = E] to . Therefore, ¢;(r) < ¢ (R) and ¢;(x) > &(D). Since x = E] and
therefore ¢;(x) = 1, we deduce ¢;(D) = 0.

Suppose now that F;T is not semistandard. Since T is semistandard, we must have either r = | i |or
d= . Let us discuss these two cases separately.

o Ifd = , then

&(D) =&((i+1]®c1® - ®cp)
= max{ei, (1 ® - ®cpy) — (ﬁ,v w)}
> £i(c1® - ®cCm) — (Ent1-i — €n—ir —€n—i) = 1.

This is a contradiction to the statement above.

« Ifr = , then ¢;(r) = 1. We assume firstly that none of the entries by, ..., b; are in the set

{E], , , }. We will discuss later why we can make such an assumption. With this, we
get &;(b;) = 0 = (B, w(b;)) for all j, which means
&(R)=¢(b1 ®---®b; ®[i|]®D)
= max{e;(b1), &(by®--- @b ®[i]® D) — (B, w(b1))}
=¢(ba® - ®b; ®[i|®D)
- =a(TeD)
=max{ei]| &(D) - (B, w[i])} = max{0, 0-1} =0.

This contradicts the above inequality ¢;(r) < &(R).

Let us discuss why b; ¢ {E] } forall j =1,.,1. If b; = E] for some j, then T

would not be semistandard. If b; = for some j, we note j must be equal to 1. But then, d
must be equal to too, and we get a contradiction as above. If b; = for some j, then

we would get
e(bj®---®D) = rnax{si, (b1 ®---®D) — (B, w)}
= maX{O, Ei(bj+1 ®: - ® D) - 1}
Therefore, the value of ¢;(b; ® --- ® D) would still be 0 by the above computation applied to
€i(bj41 ® -+ ® D). Finally, if b; = | # | for some j, we find the following configuration in T:
i i

l'/
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This contradicts axiom (K2)|for T. O
Craim 2. The tableau F;T is admissible.

Proof of claim. We only need to check admissibility of the column in which x lies. So we may assume
in the following that T is a column tableau.

If i = n the statement is clear. So let i # n.

Assume firstly that T and F;T differ by an entry x = [ i |turned into . This preserves admissibility
in the column.

Assume now that T and F;T differ by an entry x = turned into .

If there is no entry E] in the column of x, then turning x into | i | preserves admissibility. Assume
therefore that there is such an entry in the column, and write T = A®[i|® B® x ® C, where A =
a1® - -®ap,B=b;® - -®b,andC =c; ®---®cp, are subreadings of T. We note b; ¢ {,,}
for any j = 1,..., 1, since the first two entries would contradict T being weakly increasing, and the third
entry would contradict F;T being weakly increasing. If b; = , we note admissibility is preserved

when turning x into . So, we assume b; ¢ {@, , }

Since ¢; is easily seen to be not be in { , }, we get £;(x ® C) = 0.

Since F; acts on x, we must have 1 = (pim <&(B®x®C)and 1 = ¢;(x) > &(C) = 0. Finally, a
computation similar to those of the proof of the previous claim yields ¢;(B® x ® C) = ¢(x ® C) = 0,
giving a contradiction. O

We would now like to check that cosplit(F;T) is semistandard. However, although more visual, such
a proof involves a big amount of case-checking. Instead, we could show that F;T satisfies axiom [(K2")]
This the approach taken in [HK02| BS17]. However, we have found their arguments incomplete. We
instead show [(K2)|as in the original paper [KN94].

By definition of the cosplit algorithm, F, T being semistandard implies cosplit(F,T) also being semi-
standard.

Cramm 3. The tableau F;T verifies|(K2)| fori=1,...,n— 1.

Proof of claim. Suppose F;T has the following configuration, the other one can be analyzed similarly:

p— a

q— b
r— 4
s— a

Then T must have one of the following two configurations:

p— a a-1 a a a

q— b b b-1 b b
r— b’ b’ b’ b+1’ b
s — a a a a a+1’

If i < b, then the configuration of F;T verifies from the analogous property of T. Assume i > b.
We will treat all cases simultaneously except for the second one, which is slightly more delicate. We
therefore assume we don’t have the second configuration, for now.

Without loss of generality, T has two columns. Let us now restrict our attention to the entries of T
thatinrows p, p+1, ..., s—1, s. This gives us a new tableau P in the alphabet{a < --- <n<n’ <--- <a’}.

We know T is admissible, which means each column has a higher concentration of high numbers
than low numbers. In equations, if the length of the column is N, then for each pair of entries | x | at row
k and | x| at row [, we get N — (I — k) < n — x. The property of admissibility is inherited by P.
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By a previous claim, the columns of F;P must also be admissible. In equations, for each pair of en-
tries| b |at row g and [+’ ] at row r, we get (s—p) —(r—q) < b—a, which is exactly what we wanted to show.

If T were to have the second configuration above, we proceed similarly, but changing the definition
of P. Since F; = F;, affects the first column of T and not the second one, we deduce that there is an entry
in the second column of T, which lies in row s + 1.

p— a-1

q— b

r— 14

s — a
s+1 — a—-1’

Our tableau P will be defined by rows p, p + 1, ..., s, s + 1. The same analysis as before gives the desired
inequality. O

This concludes the first part of the proof. It remains to show that the crystal has a unique highest
weight vector and that it is T. (Note that E;Tj = 0 for all i and therefore it is a highest weight vector.)

Assume there is a different highest weight vector T. Let k be the biggest integer such that T and T}
agree on the first k rows. (We therefore assume k # [(1).) Let x be the rightmost entry in row k + 1 of
T. Necessarily, x # . We may introduce some notation for the entries of T;

A1® ®ar®x b1 Q- ®b;®c1 Q- Qcpy,

A B C

where B is the rest of the column in which x lies. Schematically, we are breaking up the tableau in the

following parts:
=

X

B

T=| C

I

In particular, note that A is a tableau in which each entry in row j is , for j =1, ..., k. Consequently,
E;(A) =0foralli=1,..,n. We may also compute ¢;(A) =0 foralli > k + 1.

Fixi > k+ 1. We have E; (A ® x ® B® C) = 0, which combined with the tensor product formula for
E; and the above implies E;(A ® x) = 0. Thus E;(x) = 0. This means x ¢ {, } Since this is true
fori =k+1,...,n, we conclude x is either E] for i < k (which is not possible, since T is semistandard),
or fori < k.Butifx = with i < k, then E;(A ® x) # 0. In any case, we reach a contradiction.

Therefore, T) is the only highest weight vector, finishing the proof. [ ]

This concludes the description of the crystal structure of Kashiwara’s tableaux. However, the ques-
tion still remains to describe the crystal structure on King’s tableaux. For each i = 1,...,n, we have a
diagram

King’s ; s Kashiwara’s

tableaux tableaux

|
. lF,.
4/
King’s ¢ s Kashiwara’s

tableaux tableaux

which we desire to make into a commutative square. Note that, since the bijection between the two
classes of tableaux is weight-inverting (and shape-preserving), these missing maps will realize an S,
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action of the set of King’s tableaux of a fixed shape. For the purpose of understanding the missing
maps, our code (see Appendices [B|and [D) applies crystal operators on King’s tableaux by taking the
composite of the three other maps.

Note 9.11. Crystal bases are implemented in SageMath [Sage] as Kashiwara’s tableaux. However, two
aspects of the implementation differ from what it is usually written in a textbook. Firstly, the tableaux
are read by the inverse Far-Eastern reading. Secondly, the product rule for crystals is altered with respect
to the classical rule. The rule implemented for the tensor a ® b turns out to be describing the product
rule for b ® a instead. Consequently, both changes “cancel out”, resulting in their tableaux being exactly
Kashiwara’s tableaux.



Chapter 10

The Lie theoretic and combinatorial
definitions coincide

Our goal in this Chapter is to give a proof of the following statement.

Theorem 10.1. Letn > 1. Let A be a partition, [(A) < n. Then, the character of the irreducible representa-
tion L(A) of sp(2n) of highest weight A agrees with the generating function of King’s symplectic tableaux

of shape A on n letters; that is,

X/Slp(Qn) (X1, see xn) = Sp/l(xl’ e xn)'

Note that we already know

1 —1, 3 sp(2n)(x1

6.12] _
spA(x1, o Xn) = Dy(x1, ey X, X7 ,...,xnl) =X Xn).

We present now, nevertheless, a distinct proof, relying on the theory of quantum groups and crystal
bases, which we quickly sketch here. We refer to [HK02] for a proper treatment of the subject.

As we said in Chapter([9} given a semisimple Lie algebra g and a representation V of g, we would like
to find a basis of V such that (1) each basis element is a weight vector, (2) the actions of the different
e; permute the basis elements (or act by 0), and (3) the action of f; is inverse to that of e; in the basis.
However, we don’t know if such a basis exists or how to construct it. In the following, we sketch how
to construct a set that, although not a basis of V, has properties analogous to (1), (2), and (3).

We know a g-representation is just a U(g)-module, where U(g) denotes the universal enveloping
algebra of g. One can consider deformations of U(g), by which we mean be Hopf algebras Uy, (g) de-
pending on a parameter g € C—{0}. We do this in such a way that U (g) recovers our original universal
enveloping algebra.

Furthermore, it is possible to require the dimension of weight spaces to be invariant under the
deformation. That is, if one has a Uy(g)-module V7 with a weight space decomposition V7 = (f, VAq,
then we can require dim Vf to be independent of gq.

This allows us to write ch V! = 3, dim V,11 x* =Y, dim Vf x* = ch V¥ for any Uy (g)-module V4,
for any q € C - {0}.

Taking a limitEI g — 0, we find a basis of the U, (g)-module with properties (1), (2), and (3) (were e;
and f; are exchanged by suitable operators in the limit). This is what we call a crystal basis of V9. In
particular, a crystal basis is a seminormal abstract crystal in the sense of Definition [9.3] where

1We refer to [HK02] for the precise definition of a limit in this context.

59
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o« A={p1,... fn} is the a of simple roots of g,
+ w is the limit of the weight function of U;(g) (which does not depend on g), and

« the set of crystal operators {E;}1<i<n and {F;}1<i<n have actions analogous to those of the sets
of elements {e;}1<i<n and {f;}1<i<n of g, for each i.

Given these properties, if B is a crystal basis of L(1)9, then we can write

chL(A) = > dimL(d), x* = > %"

peh* beB

We now attempt to compute the monomial weight of a crystal basis element.

Type A

Recall Theorem which canonically identified a crystal basis of a representation L(A) of sl(n) with
the set SSYT,, ().

We will also use the following results, which we present without proof. Note that, in the literature,
distinct reformulations of these statements are found, due to differences in the conventions of Chapter

Proposition 10.2. The crystal graph of the natural representation V of sl(n) is

E...iL,

where F; and E; are given by f; and e;, and where w = aj. [ ]

Lemma 10.3. Let A be a partition, [((A) < n — 1. Let L(A) be the irreducible representation of sl(n) of
highest weight A. The unique highest weight vector of L(A) is identified, via Theorem[9.1, with the tableau
T):[A] = [n] givenbyT(i,j) =n+1-1i. [ |

Let u(T) € Z;’z_ll Ze; denote the weight of a tableau T in the Lie theoretic sense. That is, the element
of the weight lattice such that x7 = x#(7).

We note that T} is of weight A1€,-1 + Ag€p—o + - - - + A,€1. That is, u(T)) = A, using the bijection of
Theorem [2.121

Then, we note that, for any i € [n] and any tableau T € SSYT,(4) such that ;T # 0, we have
that T and F;T differ by an entry turned into [i] Therefore, xFiT = x;1x; - xT. On the other
hand, F; € sl(n) takes a p-weight vector to a (p — a;)-weight vector, with &; = €11 — €;. That is,
u(FT) = Fip(T) = p(T) - ai.

We have shown the following lemma.

Lemma 10.4. Let A be a partition, [(A) < n — 1. Let L(A) be the irreducible representation of sl(n) of
highest weight A. Let B be a crystal basis of L(1). A crystal basis element b € B identified with the tableau
T via Theorem[9.1 has weight w(b) = u(T). [

Altogether, we can show the desired theorem.

Theorem 10.5. Let n > 1, let A be a partition. Then, the character of the irreducible representation of
sl(n) indexed by A agrees with the generating function of semistandard Young tableaux of shape A on n
letters; that is,

XZI(") (%1, ooy Xn) = S2(X1, o0y Xp).

Proof. Let B be a crystal basis of L(A). We have
chL(}) = Z xV ) = Z (D = Z xI =) [

beB TESSYTn(A) TESSYTn(A)
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Type C

Similar to the type A case, we use Proposition[9.4/and Theorem([9.10| which allow us to identify the basis
of the natural representation and any given irreducible representation of sp(2n) with a crystal basis,
respectively. We also use the fact that the tableau T) (i, j) = i is identified with the highest weight vector
of L(2), for any fixed 2. We showed this in the proof of Theorem[9.10]

We know that T is of weight xfl - 'xﬁ". That is, p(Ty) = A1€1 + - - - + Ap€,. According to Theorem
this doesn’t correspond to the partition A, but to its reverse (A, ..., A1), which we denote by rev(2).
On the other hand, following Proposition this tableau is identified with a crystal basis element of
weight A.

Lemma 10.6. Let A be a partition, [(A) < n. Let L(A) be the irreducible representation of sp(2n) of highest
weight A. Let B be a crystal basis of L(1). A crystal basis element b € B identified with the tableau T via
Theorem|[9.10 has weight w(b) = rev(u(T)).

Proof. We proceed by induction. For the highest weight element b € B, we have shown it above.

Assume that for a given b € B and a given i € [n] we have E;T # 0 and w(E;b) = —p(E;T). If i = n,
then E;T differs from F;E;T = T in a single entry | » | turned into[n'|. Then, u(T) = p(E,T) — €5+ (—€,) =
1(E,T) —2¢€,. On the other hand, w(b) = w(F,E,b) = w(E,b) — f, = rev(u(E,T)) —2€1 = rev(u(E,T) -
2€p,). Thus, w(b) = rev(u(T)).

If i # 0, then T differs from E;T on an entry [i]into [i+1] or an entry turned into . In
either case, we get u(T) = p(E;T) — €; + €ix1 = p(E;T) + ;. On the other hand, w(b) = w(F;E;b) =
w(E;b) — B; = rev(u(E;T) + «;), as desired. [

We can now proof the main theorem of this Chapter.

Proof of Thm. Let B be a crystal basis of L(1). We have

chL(d) = Z 1w = Z Krev(u(D))

beB T Kashiwara
tab. of shape A
on n letters

Since Sheat’s bijection gives a weight-inverting bijection from the set of De Concini’s tableaux and the
set of King’s tableaux (of fixed shape and number of letters), and the bijection from De Concini’s and
Kashiwara’s tableaux is weight reversing, we get

chL(1) = Z xT = spy (o1, .o X). [
TeKSpT,, (1)



Appendices

62



Appendix A

Type C Bender-Knuth involutions

To complete the proof of Proposition we need to verify that the proposed map BK2C is an involution.
We recall that BKY is defined on a Gelfand-Tsetlin pattern with 6 rows as the following composite:

T BKf\ BK:?\ T BK?\ T BKQ\ T rect. N T Al
0 73”1 Taan” 2 T3y’ BTyl 4 7 25 (A1)

where the first four maps are type A Bender-Knuth involutions. The jth type A Bender-Knuth involu-
tion, we recall, acts on every entry of the jth row of a Gelfand-Tsetlin pattern x, taking

xij  to min{x; ji1, X-1,j-1 ) + MaxX{ X1 je1, Xijo1} — Xi ).

The rectification map acts on x35, X24, X23 and x34 by subtracting x34.
Let Ty = (a'9,..,aM). We introduce the following notation for the entries of the intermediate
patterns in the composite:

aie ase ase 0 0 0 aie ase ase 0 0 0
a5 a5 ags 0 0 a5 ass ass 0 0
a4 a4 0 0 (2" 3) bia  boy b34 0
a3 a3z 0 a;3 a3 0
ain 0 a2 0
aii aii
aig azx azxp O 0 0 ajg ax azgp O 0 O
a5 azs azs 0 0 dis dys dz3s 0 0
29 . 33 -
(22) big bay b3y O (33 b1y bay b3y O
c13 c3 O c13 c3 0
a2 0 a2 0
ai aii
aig ax azgp O 0 O aig ax azge O 0 0
dis dys dz3s 0 0 dis des fzs 0 O
32 - .
(32) el4 ey ey O rect ets fau O 0
c13 c23 O ci3 fos 0
a2 0 a2 0
aii aii
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So, for instance, b1g = a6 and therefore it is omitted, b3y is defined to be min{ass, ass}, and f35 is
defined to be ds5 — e34. We also let e.g. T be ((asg, ---, 0), (d15, -, 0), ..., (a11)). If instead, Ty is changed
fore.g. (A, .., A), then Byg, Bag, ..., F11 are defined the obvious way. We may rewrite Equation
as

BKg BK2

BK%
“5 bt > c | S d |

at BKf\e. rect.
" (23) (22) (33) 23"

7

To show that BKY is an involution, we will compare, step by step, the entries produced by two
different composites:

23 22 33 23 2’3 22 33 2’3
‘P:a=( ) ,( )c=( )d=( )e }( ) ,( ) ',( )D=( )

b
b

= A B C E = q

:(2 2’) c:(3 3’) d:(Z' 3) rect. (2 3) B':(2 2') (33) D,:(2' 3) o rect.

23
(BKS)? qre e— At lof F.

The second composite is created by ignoring the rectification maps from the first composite. We know
¥ is the identity, since Bender—Knuth involutions are involutions, and the Bender-Knuth involutions
corresponding to (2 2’) and (3 3’) commute.

The first four maps of both composites are identical. The fifth pattern in each composite was rela-
beled to A, resp. A’, according to the above convention. In the following, we will express the entries of
A’,B’,...,F’ in terms of the entries of A, B, ..., E.

Let us start by comparing A and A’. We have A;.k = Aj for all j, k except for
Afs = Ags —e3q, Aby=Ags—e3s, Ay =Axz—e3, and Al =Azs—e3y =0.
We may now turn to B and B’, in which we thus find
Bi4 = Bl4, Bé4 = B24, and Bé4 = 334.
Indeed, we have

Bj, = min{Aj, Al } + max{A;;, A} — Ay

=min{Ass, A13} + max{Ass — e34, Aoz — €34} — (A24 — e34) = Boy
and

B, = min{Ass — e34, Aag — €34}
=min{Ass, A3} — e34
= min{Agss, Aoz} — A34 = B3y

In the next step, when comparing C and C’, we therefore note
C13 = C13, and Cé3 = C23 + e34.

Similarly, in D, D’,
DiS = D15, DéS = D25, and Dé5 = D35 + e34.

Finally, comparing E and E’ gives
Ei4 = Eq4, Eé4 = FE94 +e34, and Eé4 = E34 +e34 = agy + €34 = €34.

And now, subtracting e34 from Ej,, E},, D}, and C;, recovers the pattern E. This shows F’ = E = a, as
desired.



APPENDIX A. TYPE C BENDER-KNUTH INVOLUTIONS

Note A.2. Just for illustrative purposes, we give explicitly give the patterns A”, B/, ..., F/ interms of A, B, ..., C

according to the computations above. To save space, we denote x — e34 by x~ and x + e34 by x™.

Ag A2 Aszg O 0 0 Bis B2 Bss O 0 0
Al Asgs Azs 0 0 Bis Bas Bgs 0 0
o A1s A3, _A§4 0 (2 3) B - Bi4 Bos _334 0
A1s A23 0 Bis ng 0
A2 0 Bis O
A11 Bi1
Cig Co26 Czg O 0 0 Dig Dog D3s O 0 0
Ci5 Ca5 C§5 0 0 D15 D25 D§5 0 0
(22) ; Cia Cog C34 O (33) ’ D14 D2y D3q4 O
¢ = Ci3 C§3 0 b= D13 DES 0
Ci2 O Dis O
C11 D11
Ei6 E26 Ez¢ O 0 O Eig Ez6 Ess O 0 O
Ei5 E5 E}. 0 O Eis Eos E3s 0 0
(32 ’ E14 EX, EY 0 rect. , Eiq4 Eoq4 Esq4 O
— E'= 24 T34 — =
E13 E%—g 0 E13 Eo3 O
Ei2 O Ei2 O

E1q E11
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Appendix B

Crystal reflections and
Bender-Knuth

The following diagram of symplectic tableaux,
King’s tableaux s Kashiwara’s tableaux
in the alphabet A on the alphabet C
Bender-Knuth BKZ.C\L lcrystal reflection s;
King’s tableaux s Kashiwara’s tableaux
on the alphabet A in the alphabet C

does not commute, even for row or column tableaux. (The horizontal maps are the composites defined

in Chapter|g])
For instance, consider the action of BKS on the following King tableau T.

= BKS(T).

The corresponding Kashiwara tableaux are obtained, morally, by pushing each instance of 1’,2’, 3" and
4’ down. In this case,

One may check that each of these two tableaux is fixed by sa.
As announced, the diagram also doesn’t commute for row tableaux. For instance, we have

[1r] —— [1]7]

BKf’l

2]7] ——— [2]7]

but again, both Kashiwara’s tableaux are fixed by s.
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Appendix C

Axioms for De Concini’s and
Kashiwara’s tableaux

It is our goal in this Appendix to present proofs for the equivalence statements in Chapter 8]

We recall here our main definitions. A De Concini (symplectic) tableau is a semistandard tableau
T in the alphabet B ={n’ <--- <2’ <1’ <1< 2 < -+ < n} such that each column of T is admissible,
and such that the split version of T is semistandard.

A Kashiwara (symplectic) tableau is a semistandard tableau T in the alphabet C = {1 < --- <
n<n’ <---<1’} such that

(K1) if a and a’ appear in the same column, say T(r,c) = a, T(s,c) = a’, then (s — r) + a is strictly
greater than the length of column T(—, ¢), and

(K2) if two adjacent columns of T have one of the following two configurations:

p— a a
q— b b
r— b’ b’
s — a’ a

(by which we mean that e.g. the first E entry in the first column is at row number p, etc.), then
(gq—p)+(s—r)<(b—a).Here,p<q<r<sanda<b.

The first equivalence statement we presented is the following.

Lemma C.1. Let T be a tableau in the alphabet C satisfying[(KI)} Then, T satisfies|(K2) if and only if it
satisfies[(K27)};

(K2’) if two adjacent columns of T have one of the following two configurations:

p— a a
q— b b
r— ¢’ ¢
s— d d

then (q — p) + (r —s) < max{b,c} —min{a,d}. Here,p < g <r <s,a<b,andc < d.

Proof. The conditions of are particular cases of those of so we only need to show one impli-
cation.
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Assume that T verifies Let T have the first configuration of for some a, b, c,d. If T were
to have the second configuration, a similar proof would follow.

p— a
q—)

r— ¢
s — d’

Let  be the smallest number greater than max{a, d} such that [« | appears in the first column and
in the second column. If such a number doesn’t exist, then the entries between rows p and g of the
first column, together with the entries between rows r and s of the second column, are all distinct. In
formulas, there are (p — q) + (s —r) entries, all lying in [min{b, ¢}, max{b, c}), giving the desired output.
Assume therefore we have the following:
p —
T —
q —
r —

o —
s —

SN
oS

~

SR

Note that, by construction, the set of entries between E and @ is disjoint to the set of entries between

and [d']. This gives

(r=p)+ (0 —-s) <a—min{a d}. (C.2)
Let § be the greatest number smaller than min{b, c} such that [ ] and || appear in the second

column, with & < . If such a number doesn’t exist, then the set of entries between rows 7 and q in
the second column is disjoint to the set of entries between rows r and o. This gives (¢ — ) + (o —r) <
max{b, c} — a, which together with the above equation give the desired output, once again. Assume
therefore we have:

p— a

T— o«

{— B
q— b
r— ¢’
p— I
o — o
s— d

Note that, by construction, the set of entries between| g |and @ is disjoint with the set of entries between

and '] This gives

(g- ) +(p—r) < max{b,c} - b (€3)
Applying [(K2)|to entries a and f, we get

(E-m)+(o=-p)<f-a (C4)
Summing up Equations (C.2), (C.3), and (C.4), we get the desired formula. [ ]

Inspired by this and by the bijection between the two sets of tableaux, we now give two novel
characterizations of De Concini tableaux.

Proposition C.5. Let T be a tableau in the alphabet B such that each column is admissible. Then, T is a
De Concini tableau if and only if it satisfies|(DC )
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(DC’) if two adjacent columns of T have one of the following two configurations:

7 ’

p— a a
q_) b/ bl
r— ¢ c

s— d d

then (q — p) + (r —s) < max{a,d} —min{b,c}. Here,p < g <r <s,a<b,andc < d.

Proof. We show that T verifies [[DC’)]if and only if split(T) is semistandard. The proof is similar to the
second part of Theorem|C.8
If split(T) is semistandard, and T has the first configuration of axiom (DC’)} then split(T) has the

following configuration:

p — a *k

q— b’ =

r— % ¢

s—  x d

In the second column, between rows p and g, we find ¢ — p + 1 numbers in [b, a]. Between rows r
and s, we find s — r — 1 numbers in (c,d). In total, there are (q — p) + (s — r) numbers in the interval
[min{b, ¢}, max{a,d}]. Note that if both bounds are obtained, then at least one of ¢ and d is not being
counted by (g — p) + (s — ). So[[DC’) holds.

If T has the second configuration, a similar argument gives the result.

Suppose T verifies[[DC’)|but split(T) is not semistandard; more precisely, assume it has the following
configuration for some primed entries , , and , withy > b and x < b:

’ ’

y x| b o=

(If there was an analogous configuration with all non-primed entries, a similar proof follows.)

Let [K + 1, L] be the interval corresponding to the block in which |y | and [x'| lie; let a and d be the
greatest numbers less than K such that |« | appears in column 1 and | 4 |in column 2; let ¢ be the smallest
number greater than x such that| ¢ | appears in column 2.

K'-----
’
16;:)) “ b’ split yhx b
r— c o
s— d oot e
d
K ,,,,,

Figure C.6: On the left, a configuration of tableau T. On the right, the relative positions of some relevant
entries in split(T). Dashed, the levels at which numbers K and x could appear.

We obtain equations analogous to (C.10) and (C.11) just as in the proof of Theorem [C.8] giving a con-
tradiction. [ ]

Lemma C.7. Let T be a tableau in the alphabet B such that each column is admissible. Then, T satisfies

if and only if it satisfies[(DC)
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(DC) if two adjacent columns of T have one of the following two configurations:

p — a/ a/

q_) bl b/
r— b b
s— a a

then(q—p)+(r—s)<a—b.Here,p<qg<r<s.
Proof. 1t is similar to the proof of Lemma [C.1]and thus omitted. [ ]

The following proof is essentially extracted from [She99 Thm. A.4], but adapted to our notation.

Theorem C.8. Let T be a semistandard tableau in the alphabetC = {1 < --- <n<n’ <--- <1'}. A
column of T verifies|(K1) if and only if it is admissible. The tableau T verifies|(K2) if and only if the cosplit
version of T is semistandard.

Proof. Let T be an admissible semistandard column tableau in the alphabet C. Say T is of length [. If a and
a’ appear in im T, in rows r and s respectively, then the number of entries in {1,2,...,a} U {a’, ..., 2, 1"}
which appear in im T must not exceed a, by definition of admissibility. In formulas, r + (I + 1 —s) # a.
That is, (s — r) + a > . The reciprocal is clear.

Let us now discuss[(K2)] Assume without loss of generality T is a tableau with two only two columns,
whose cosplit version is semistandard. Assume for now that we have the first of the four configurations
of the definition. Then, cosplit(T) will have the following configuration:

p—) k a

q— * b
r— b=
s — a x

In the third column, between rows p and g, we find some entries verifying the following inequalities:
asc <cp<-<cgp1 $h.

The equalities are not attained, since e.g. they both ¢;_,+1 and b” belong to the same column of a cosplit
tableau. Similarly, between rows r and s, we find

b'<dy <dy<---<d_,_y<a, or, a<ds,1<---<dy<d<bh.

So we have found at least (¢ — p) + (s — r) numbers in (a, b). They are all distinct by definition of the
cosplit version. Therefore, (¢ — p) + (s —r) < (b — a), as desired.

If T was to have the second of the four configurations, a similar argument would yield the same
formula. We omit this.

It remains to show that if holds then the cosplit version of the tableau is semistandard. The
cosplit version of each column is strictly increasing, by definition. We need to check if the rows are
weakly increasing.

We proceed by contradiction. Assume cosplit(T) is not semistandard. More precisely, assume that,
for some non-primed entries [a|, [x], and [ y |, we find the following configuration in cosplit(T), with
a>xanda<y:

¥ a ‘ x vy
(If there was an analogous configuration with all primed entries, a similar proof follows. The only

remaining possibilities are easily discarded by definition of the cosplit version or because T is semistan-
dard.) We assume T to have only two columns.
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Recall the analysis before Example We know, since [ x | and [y | are in the same row, that they
belong to a block corresponding to some interval [L,K — 1]. In particular, we have found a number
K € [2,n+ 1] such that x < y < K and whose properties we will shortly exploit.

Let b > y be the greatest number smaller than K such that | | appears in the fourth column of
cosplit(T). Let c be the greatest number smaller than K such that [¢'| appears in the third column of
cosplit(T). Finally, let d < ¢ be the smallest number greater than x such that [«'| appears in the third
column of cosplit(T).

We illustrate all of these choices in Figure Note that all of the entries we consider in the third
and fourth column belong to the same block (corresponding to [L, K — 1]).

* a| X

p— a b
q— b cosplit o __C_ K
r— ¢ —

77777 !
s — d’ , K

[4

&

Figure C.9: On the left, a configuration of tableau T. On the right, the relative positions of some relevant
entries in cosplit(T). Dashed, the levels at which numbers K and x could appear.

We claim that the corresponding entries E @ , in T, in the given configuration, do not satisfy

axiom|(K2’)
(q—p)+ (s —r) £ max{b,c} —min{a,d}.

We begin by considering the left hand side. By definition of K, b, and ¢, we get that max{b,c} = K — 1.
On the other hand, a > x and d > x, and thus we get

max{b,c} —min{a,d} < K-1-x. (C.10)

We will now consider the right hand side. In the third column of cosplit(T), between entries [a'| and
(both inclusive), and between the entry to the left of [ | and [ x| (both inclusive), we find (g — p +
1) + (s — r + 1) entries, all distinct. Furthermore, all numbers greater than x and strictly smaller than K
appear at least once, by definition of K. Therefore,

(g—p+1+(s—-r+1)=K-x. (C.11)

Equations and imply (q — p) + (s — r) > max{b,c} — min{a, d}, contradicting [K2")} as
desired. [ ]



Appendix D

A SageMath library for symplectic
tableaux

(This is the documentation for a SageMath library implementing symplectic tableaux and symplectic
Gelfand-Tsetlin patterns. The script is available in a GitHub repository [GitHubl].)

Symplectic tableaux are type C analogues of semistandard Young tableaux. Explicitly, the generat-
ing function of symplectic tableaux of a given shape A (a partition) is the character of the irreducible
representation of sp(2n) indexed by A.

In the literature, several definitions of symplectic tableaux are available. We implement four of
these; King’s tableaux [Kin76]], De Concini’s tableaux [DeC79], split tableaux [Kra98], and Kashiwara’s
tableaux [[KN94]]. Note that some functions on Kashiwara’s tableaux are already implemented in Sage
as part of the “tensor product of crystals” library.

class SymplecticTableau(SageObject):

Four different combinatorial models for symplectic tableaux are implemented. Internally, these
tableaux are always in the alphabet 1 < 2 < -+ < 2n. Later, they may be displayed with a different
alphabet.

The default model is King’s. They are displayed in the alphabet1 <1’ <2 <2 <--- <n<n'.
They are well-defined if every column is admissible, that is, if for every i there are at most i numbers
smaller or equal to i’ in each column.

A second model is De Concini’s. These are displayed in the alphabetn’ < --- <2’ <1’ <1<
2 < --+ < n. These are well-defined if every column is admissible (after reordering to the King’s
alphabet) and their split version is semistandard. See [She99].

A third model is that of split tableaux. These are displayed in the alphabet 1 < 2 < --- < 2n.
These are well-defined when they are the split version of a De Concini tableau.

A final model is Kashiwara’s. These are displayed in the alphabet 1 < 2 < --- < n < n’ <
-+ < 2" < 1’. These are well-defined when they are admissible and their cosplit version is a split
tableau.

Additionally, a custom type of tableaux can be defined by specifying the alphabet in which they
should be displayed. Functionality for custom tableaux is limited.
Skew tableaux are implemented by introducing 0s.
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sage: tab = SymplecticTableau(3, rows = [[1,1,2,3,3],[4,4,5,6]1]); tab
11 1" 2" 2!

2 2 3 3'

sage: tab.is_well_defined()

True

sage: tab.Kashiwara()

1T 2 2 2'2'

3 3 3'1'

sage: tab.f(1)

1T 11" 2" 2!

2 2 3 3

sage: print(tab)

Symplectic tableau of type King, shape [5, 4], and weight x1*(-1)x3*(1)
sage: tab.shape()

[5, 41

sage: latex(tab)

\ytableaushort{{13}{13{1 ' }{2"'3}{2"'},{23{23{3}{3"}}

 n: Positive integer

« rows : SemistandardTableau or list of lists of integers. (Default: None)

+ cols : SemistandardTableau or list of lists of integers. (Default: None)

« type : Either King’, ‘DeConcini’, ‘split’ or ‘Kashiwara’. (Default: 'King’)
« alphabet : a list of strings of fixed length. (Default: None)

Exactly one of rows and cols must be provided.

.rows(self):

Returns the contents of the tableau as a list of lists of entries, row by row. (The entries are in
1<2<.--<2n)

.list(self):
See .rows().
.cols(self):

Returns the contents of the tableau as a list of lists of entries, column by column. (The entries are
inl<2<---<2n)

.transpose(self):
See .cols().

.len(self):

Returns the number of rows of the tableau.

.dict(self):
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Returns the contents of the tableau as dictionary where the keys are the cells of the tableau and
the entriesarein1 <2 <--- < 2n.

.is_well_defined(self):

Checks if the tableau self is a tableau of type self._type.

.n(self):

Returns n; half the number of variables in the alphabet.

.size(self):

See .n().

.weight(self):

Returns a string describing a monomial; the weight of the tableau. (The weight is only defined for
King, De Cocini, or Kashiwara tableaux.)

.shape(self):

Returns a partition A corresponding to the shape of the tableau.

.bender_knuth_involution(self, i, display=False):

Performs the ith Bender—Knuth involution on the tableau.

The ith Bender-Knuth involution applied to a tableau with weight x” returns a tableau of same
shape and with weight s;.x*, where s, ..., s,_1 are the generators of the Weyl group of type C. These
are analogs of type A Bender-Knuth involutions.

To compute the Oth Bender-Knuth involution on a King tableau, we interpret it as a semis-
tandard tableau in the alphabet 1 < --- < 2n and then perform the 1st (type A) Bender-Knuth
involution.

Fori =1,..,n—1, the ith Bender-Knuth involution on a King tableau is defined as the composite
of five maps. The first four maps are usual type A Bender-Knuth involutions. More precisely, if the
tableau is interpreted as a (type A) semistandard tableau in the alphabet 1 < - - < 2n, then the first
four maps are the 2ith, the (2i — 1)st, the (2i + 1)st, and the 2ith Bender-Knuth involutions. The
fifth map changes every {i, i’}-vertical domino between rows i and i + 1 for a {i + 1, i + 1’ }-vertical
domino. It then resorts rows i and i + 1 as to make them increasing.

The function converts the tableau to a King tableau, performs the involution and converts back
to the original type. If display is set to True, then the intermediate stages of the algorithm are
displayed.
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sage: T = SymplecticTableau(3, rows = [[1,3,4]1,[5,5,61,[6,611); T
1 2 2

3 3 3

3' 3

sage: T.bender_knuth_involution(®)

12 2

3 3 3

3' 3

sage: T.bender_knuth_involution(2, display = True)

Now applying Bender--Knuth to the tableau

.to_GTpattern(self):

Returns the (King) symplectic Gelfand-Tsetlin pattern associated with the tableau.

sage: T = SymplecticTableau(3, rows = [[1,3,4]1,[5,5,61,[6,611); T
17 2 2'

3 3 3

3' 3
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sage: T.to_GTpattern()
3 3 2
3 2 (7]

.King(self):

Returns the King tableau corresponding to the tableau.
If self is a King tableau, this returns self.
If self is a DeConcini tableau, it applies Sheats’ bijection. See . Sheats().
If self is a split tableau, we first convert to a DeConcini tableau.
If self is a Kashiwara tableau, we first convert to a split tableau.

.DeConcini(self):

Returns the De Concini tableau corresponding to the tableau.
If self is a King tableau, it applies Sheats’ bijection. See . Sheats().
If self is a DeConcini tableau, this returns self.
If self is a split tableau, it takes the inverse of the split map. See .splitInverse().
If self is a Kashiwara tableau, it first converts to a split tableau.

.split(self):

Returns the split tableau corresponding to the tableau.
If self is a King tableau, it first converts to a De Concini tableau.
If self is a DeConcini tableau, it returns the split version. See .splitVersion().
If self is a split tableau, this returns self.
If self is a Kashiwara tableau, it returns the cosplit version. See .cosplitVersion().

.Kashiwara(self):

Returns the Kashiwara tableau corresponding to the tableau.
If self is a King tableau, it first converts to a De Concini tableau.
If self is a DeConcini tableau, it first converts to a split tableau.
If self is a split tableau, it takes the inverse of the cosplit map. See .cosplitInverse().
If self is a Kashiwara tableau, this returns self.

.to_type(self, type):

Converts to the desired type.
The bijections implemented are

King < De Concini < split <> Kashiwara.

Any other bijection is taken to be a composite of some of the above.

« type: Either 'King’, 'DeConcini’, *split’, or 'Kashiwara’.
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sage: T = SymplecticTableau(3, rows = [[1,3],[5,51,[6,611); T
1T 2

3 3

3' 3!

sage: T.to_type('DeConcini'")

3' 2
2' 1!
2 3

sage:
112
233
456
sage:
1 2

3 3

3' 1

.to_type('split')

4 o wrN -

.to_type('Kashiwara")

.f(self, i):

Applies the crystal operator f;.

Crystal operators are already implemented in Sage for Kashiwara’s tableaux. See the documen-
tation for crystals. tensor_product. This functions converts the tableau to a Kashiwara tableau,
performs the crystal operator, and converts back to the original type.

sage: T = SymplecticTableau(3, rows = [[1,3],[5,51,[6,611); T
1 2

3 3

3' 3

sage: T.f(1)

1' 2

3 3

3' 3

.

.e(self, i):

Applies the crystal operator e;.

Crystal operators are already implemented in Sage for Kashiwara’s tableaux. See the documen-
tation for crystals. tensor_product. This functions converts the tableau to a Kashiwara tableau,
performs the crystal operator, and converts back to the original type.

sage: T = SymplecticTableau(3, rows = [[2,3],[5,51,[6,611); T
1" 2
3 3
3' 3!

sage: T.e(1)
1 2
3 3
3' 3
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class SymplecticTableaulterator

def transpose(tab)

Computes the transpose of a tableau.

def splitVersion(tab)

Returns the split version of a tableau.

Takes a tableauinthe 1 < 2 < --- < 2n, relabelsitton’ < --- <2’ <1/ <1<2<---<n,
and returns its split version.

The split version of a tableau of shape A = (A3, Ao, ...) is defined as a certain tableau of shape
21 = (211,243, ...). The precise definition is available in [She99].

sage: T = SymplecticTableau(4, cols = [[1,2,6,7]1], type = 'DeConcini'); T

sage: is_admissible(T.cols()[0], 4)

sage: SymplecticTableau(4, rows = splitVersion(T).list(), alphabet =
....: T._alphabet)

def cosplitVersion(tab):

Returns the cosplit version of a tableau.

Takes a tableauinthe 1 < 2 < --- < 2n, relabelsitton’ < -+ <2/ <1"<1<2<---<n,
and returns its cosplit version. The cosplit version of a tableau of shape A = (41, Ay, ...) is defined
as a certain tableau of shape 24 = (214, 25, ...). The precise definition is available in .

[74'7, n30n, mpun myee wqgon o wpowowzow g onq
SymplecticTableau(4, cols = [[1,4,5,6]], alphabet = a); T

sage: a
sage: T
4

1

1

2

sage: is_coadmissible(T.cols()[0], 4)

True

sage: SymplecticTableau(4, rows = cosplitVersion(T).list(), alphabet = a)
4" 4

3' 1

1 2

2 3

def splitInverse(tab):

Takes the split version of a tableau (in the alphabet 1 < 2 < --. < 2n) and returns the original
tableau.
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def cosplitInverse(tab):

Takes the cosplit version of a tableau (in the alphabet 1 < 2 < -+ < 2n) and returns the original
tableau.

def is_admissible(c, n):

Takes a semistandard columninl < 2 < --- < 2n,relabelsitton’ <--- <2 <1'<1<2<---<
n and checks admissibility.

A column of length [ is admissible if for all a such that both a’ and a appear in the column, say
inrows s and r,one has (s —r) +a > L.

def is_coadmissible(c, n):

Takes a semistandard columninl < 2 < --- < 2n, relabelsitton’ <--- <2’ <1/ <1<2<---<
n and checks coadmissibility.

A column is coadmissible if for all a such that both a” and a appear in the column, say in rows
sandr,onehas (s—r)+a>n+1.

The use of the next functions is hopefully clear from their names. These are used in the implementation
of methods such as SymplecticTableau.King().

def King_to_DeConcini(tab)

def DeConcini_to_King(tab)

def King_to_Kashiwara(tab)

def Kashiwara_to_King(tab)

def DeConcini_to_Kashiwara(tab)

def Kashiwara_to_DeConcini(tab)

def King_to_split(tab)

def split_to_King(tab)

def DeConcini_to_split(tab)

def split_to_DeConcini(tab)

def Kashiwara_to_split(tab)

def split_to_Kashiwara(tab)

def KashiwaraTableau_to_CrystalElement(tab)
def CrystalElement_to_KashiwaraTableau(tab, n)

We choose to include the implementation of the following functions in this documentation.

def Sheats(tab):

Performs Sheats’ algorithm on tab.

Given a tableau in the alphabet 1 < 2 < --- < 2n, it is interpreted as a De Concini tableau in the
alphabetn’ < -+ <2’ <1’ <1 < 2 < -+ < n. Then, the Sheats algorithm [She99] is performed
on the tableau, resulting on a King tableau in the alphabet 1 < 2 < - -+ < 2n (interpreted as in the
alphabet 1’ <1 < --- <n’ <n).
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sage: tab = SymplecticTableau(3, rows = [[1, 21, [2, 31, [5, 611,
R type = 'DeConcini'); tab

3' 2
2' 1
2 3
sage: Sheats(tab)
1 2
3 3
3' 3!

sage: tab = SymplecticTableau(3, rows = [[1,3,3], [2,5], [4,6]],
R type = 'DeConcini'); tab

3" 11

2' 2

1 3

sage: Sheats(tab)
1 2 2

2' 2

3 3

# we will be perfoming transformations on a subtableau and then
# adding some stuff to each column.

lam1 = tab._shape[0]

add = [[] for i in range(laml)]

n = tab._n

cols = tab._cols

# n gives the size of the alphabet
for m in [1..n]:
# m is the entry to apply jdtqg on
# m is taken from the alphabet 1<2<\cdots<2n
mPrime = m
mNormal = 2*n+1-m

# in the new order, the entries that we moved have another relative position
newMPrime = 2*(n-m)+1
newMNormal = 2*(mNormal-n)

# k is the number of times m' appears
k = len([col for col in cols if len(col)!=0 and col[0] == mPrime])

# the entries equal to m will stay fixed.

# but in the new tableau, they are in a different

# position of the alphabet, so translation is needed.

colsFix = [[newMNormal for i in col if i == mNormall] for col in cols]

colsFix = colsFix + [[] for i in range(laml - len(colsFix))]

# everything else that is not m or m' will be movable

colsMove = [[i for i in col if i != mNormal and i != mPrime] for col in cols]

# we will now transform colsMove and later add some extra entries
for i in range(lamil):
add[i] = colsFix[i] + add[i]
# this transformation expects a split tableau
Cols = sum([_splitCol(col, n) for col in colsMovel, [1)

while k != 0:
# we apply _sjdt to the only inner corner

(Cols, (p,q), n) = _sjdt(Cols, (1,k), n)

# we keep track of the entry we need to add
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# later to the tableau
cols = _splitInverseCols(Cols, n)
cols = cols + [[] for i in range(laml-len(cols))]
add[g-1]1 = [newMPrime] + add[g-1]
for i in range(laml):
add[i] = [newMNormallxcols[i].count(mNormal) + add[i]

# we prepare for the next iteration
k = k + len([col for col in cols if mPrime in coll) - 1

colsMove = [[i for i in col if i != mNormal and i != mPrime] for col in cols]
Cols = sum([_splitCol(col, n) for col in colsMovel, [])
colsMoved = _splitInverseCols(Cols, n)

colsMoved = colsMoved + [[] for i in range(laml- len(colsMoved))]
# colsMoved = [[i-1 for i in col] for col in colsMoved]

# we prepare the body for the next iteration

cols = colsMoved
# now comes the time to add the entries that we were keeping aside
newCols = []
for i in range(laml):

newCols.append(colsMoved[i] + add[i])

return SymplecticTableau(tab._n, cols = newCols, type = 'King')

def _sjdt(cols, puncture, n):

Takes a set of columns that form a punctured split skew tableau if the puncture is set at the input
location. We let 0s mark the empty skew boxes.
The puncture coordinates are in terms of the non-split version of the tableau, starting at (1,1).

(p,q) = puncture # starts at (1,1)

# Step 1:
# if the puncture is an outer corner, stop.
if len(cols) <= 2xq or len(cols[2*q]) < p:
if len(cols[2xq-1]) < p:
return (cols, (p,q), n)
# Step 2:
if the column to the right is too short,
# just move the puncture down.
return _sjdt(cols, (pt1, q), n)
# Step 3:
# if the current column is too short,
# move the puncture to the right.
if len(cols[2*q-1]) < p:
return _sjdt_subroutine(cols, puncture, n)
# Step 4:
# when the algorithm reaches this step, it
# has checked that there are two possible
# locations to move the puncture to.
# We now compare entries to see where to go.
if cols[2*q-11[p-1] <= cols[2xqllp-1]:
return _sjdt(cols, (p+1, q), n)
else:
return _sjdt_subroutine(cols, puncture, n)

ETS

def _sjdt_subroutine(cols, puncture, n):

Takes a punctured split tableau (as an array of columns and a tuple indicating the puncture) and
returns the punctured split tableau resulting from a right slide.
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def SheatsInverse(tab)

Performs the inverse of the Sheats algorithm on tab.

Given a tableau in the alphabet 1 < 2 < ... < 2n, it is interpreted as a King tableau in the
alphabet 1’ < 1 < 2’ < 2... < n’ < n. Then, the Sheats inverse algorithm is performed on the
tableau, resulting on a De Concini tableau in the alphabet 1 < 2 < -+ < 2n (interpreted as in the
alphabetn’ <--- <1"<1<---<n).

sage: tab = SymplecticTableau(3, rows = [[1, 31, [5, 51, [6, 611); tab
1 2

3 3

3' 3

sage: SheatsInverse(tab)

3' 2

2' 1

2 3

sage: tab = SymplecticTableau(3, rows = [[1, 3, 31, [4, 41, [5, 611); tab
1 2 2

2' 2!

3 3

sage: SheatsInverse(tab)

3' 11!

2' 2

1 3

def check_all_BKinvolutions(lam, i, max_entry = None):

Checks that the ith Bender—Knuth involution is an involution on all tableaux of shape lam and
maximal entry max_entry.

class SymplecticPattern(SageObject):

A class for (King’s) Gelfand-Tsetlin patterns.

This class is very rudimentary as of now.

.list(self):
.len(self):
.to_tableau(self):

def KingTableau_to_SymplecticPattern(T)
def SymplecticPattern_to_KingTableau(G)

sage: G = SymplecticPattern([[3,2,0],[3,0,0]1,[3,01,[3,01,[31,[111); G

3 2 0
0

sage: G.to_tableau()
11
3' 3!
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